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ABSTRACT

A multiple-state stochasticlock model of a GPS receiver
clock is derived using methods that have been
successfully pplied in existing models for highuality
satellite clocks. An advantage of having a stochastic
receiver clock model is that it can lead to improved
positioning performance in GPS navigation systems.
Another benefit is that the additional redundancy
provided by a clock dynamic model can increase fault
detection performance and availability of receiver
autonomous integrity monitoring (RAIM).

It is shown that dour-statereceiver clock modelwhich
accounts for bothhe clockd sandom and deterministic
errors can beeasilyincomporated into a Kalman filter for
improved the realtime positon and clock state
estimationwithout the need for a corresponding dynamic
model for the position stateds a preliminary analysis,
the resuls of the estimated receer clock from the
Kalman filter framework is then used to quantitatively
evaluage the performance improvement$n both
positioning (fault-free availability) and fault detection
(RAIM availability). In this work, current navigation
systems under considei@t by the GNSS Evolutionary
Architecture Study (GEAS) are used as benchmark
applications for performance evaluation using the receiver
clock model augmentation

INTRODUCTION

Precise time information diss#nation is thekey to the
success of Bbal Postioning System Therefore, onboard
GPS satellite clocks are required to have excellent
frequency stability High quality atomic clocks are the
current choice due to theextremely stable frequency
over longduratiors [1-2]. The quality and stability of
atomic clocks has been extensively studiggt4] andthe
analytical equations for theovariance ofclock coasting
phase and frequenagndom errorsvere mathematically



derived througtanimpulse response modil [5-6]. This
derivaion was revisited by the authorsin this current
work and the results werealidatedthroughactual GPS
measuremest collected by static GPS receiver The
validated stochastic clock modek able topredict the
covariance of high quality atomic clock coasgtierrors
more precisly than a simple slammodd. Therefore, the
use of a stochastimodel can more faithfully predictthe
performance of any appliten that involves clock
coasting error prediction.

Cost effective commercial GPS receivers haveeen
widely used ira wide \ariety ofservices and applications.
Low-cost lowstability receiver clock (such as
temperature compensated crystal oscillator, TCXO) can
be employedat the expense of requiring one more
satellite (minimum four SVs in view) to solvier the
recever clock offset during positioning. For more
demandingapplications, however, laigh quality receiver
clock may have great benefis’], albeit with cost
increasethat coms with incorporatingsucha clock in a
GPS navigation systent.o be able to utilize the befite

of high precision receiver clocknd ensure the system
integrity simultaneouslythe clock phase deviatiafrom
GPS time andthe frequency deviatio;m from clock
nominal freguency have to be estimated reliably
response, a differentour-state clock model for high
quality atomic clocksis presented in the papemlhe
advantages of the fowtate clock model over more
conventionaltwo-state clock modsl and leassquares
(LS) fit approacksare detailed later ithis paper

Using navigation architectes under consideration by the
GNSS Evolutionary Architecture StudysEAS) [8] as
benchmark applicationsa preliminary analysis of using
high quality receiver clockstimats from aKalmanfilter

are presentedThe results showgreat potential for
performance improvemest in the GEAS system
availability due to improvement in the position accuracy
(mainly in vertical position) and fault detection

STOCHASTIC CLOCK MODEL

Clock dynamics has been the focus of a great deal of
research because of the exteasiwsageof clocks in
various modern electroniaevices The pwer spectrum

of the clock outputbasprovedto be a very useful tool to
analyze the stability of clock behaviaegardless othe
physicalrealizationof the clock.In generala power lav
behavior (magnitude proportional to ft/ ) can be
observedin the power spectrunof clock outputg9-10].
Table 1 displays the coeficient symbols and the
originatingsources of clock phase err¢td].

For high quality atomicclocks, phase noise originating
from the instability othe phasetself is small and will not
accumulateover time Therefore, the dominant phase

Table 1 Coefficients of power law model
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error sourceis the accumulatederror coming from
frequency instability(ho, h.; and h,). However, it is
difficult to apply a linearmodel to account for all
frequency instailities for two reasonsfirst is theflicker
noise (., term) which cannot be represented using a
system model with a rational transfer function of
polynomials[12-13]; second is the averagimyertime
effect on the coasting averagefrequency deviation
Nevertheless, the relationship between the power law
coefficients andthe covariance ofrandomclock phase
and averagefrequency deviationgtwo random states)
after a certain clock coastir{free-running periodcan be
derived analytically through impulsesponse methaed
The derivation has beepresentedn [5] and [6] and is
revisited by the authorsn the appendixThe results are
written below.

Ebuo Bl [buo bM]):g” o

21 G220

)
Q11:i;u +2h ,Dt? "'%pzh-thS

— h + 2 2,
=—+2h,+—p°h Dt
ez 2Dt o 3’0 "2

2
Oi2 ZQ21:%+2h-1D[ +§p2h_2Dt2

whereb,,, is the accumulated clock phase deviation due
to the random frequency deviatidy, , and Dt is the
clock coasting or freeunning time.

The derivedstochasticclock coastingerror modelwill be

experimentallyvalidated in the next sectionin Figure 1,
Equation (1) is used to generate predictedstandard
deviation(s) curvesof random coasting phase errdos

rubidiumfrequency standardsvhich arelisted in Table 2
The figure also shows thesl GEAS clockephemeris
linear coasting error modés.5 10* m/sec)

A two-state stochastic model wsufficient to properly
model random clock coasting errors fdrigh quality
atomic clock such ascommercially available ubidium
clocks. (Two additional states will é used to handle
deterministic errors, as we will see later in the paer
clocks with lower frequency stability, like chigcale
atomic clock (CSAC)[15] or highend overcontrolled
crystal oscillator (OCXO), a threstate stochastic model



standard deviation of random coasting range error for rubidium clocks
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Figure 1 Ones curves for the tworubidium clock
models andhe GEAS linear model

is necessarto account for the ralomness in frequency
drift. A similar methoalogy to the one explained in the
appendixcan be used to derive analytical results tfoe
covariance ofthreestate stochastic clock model. Bee
results will be published iafuture paper.

As discussed in the appendix, it is important to clettiBt
the analytically derivedcovariance ofthe clock coasting
errors isan averageover the coasting period. It does not
represent theovariance of instantaneousock coasting
error. This fact will also beimportant when it comes to
implement the stochastic clock error modiet receiver
clocks

MODEL VALID ATION USING GPS SATELLITE
CLOCKS

Four sets of GPS carrigghase measurement ddtam
different dayswere processed to generdte esimated
time traces ofGPS satelliteclock-ephemeriscoasting
errors. The data was collected biavAtel OEM V GPS
receiver with an antenna riglg mounted at a meter
height posbn the rooftop othe two-story Engineeringl
building in lllinois Institute of Technology (11T) During
partof the data collection intervatjatawas alsacollected
by a NovAtel DLIV GPS receiveron the ground at
another sitdan emptyparking lo) which isabouta half
mile away fromthe lIT site. Theparking lotdatais used
as a comparison to provethat the estimated cloek
ephemeris tracearedominated bythe intended SV cloek
ephemerigoasting errorscommon for both sites) ambt
driven bymultipath (since thetwo sites have completely
different surrounding environmea)t or other residual
errors

The observation quatiors of the GPS carriephase
measuremenfor L1 and L2 frequencies are listbelow
as

Table 2 Values ofthe h coefficients from literature and
for the proposed model

ho h, h., reference
rubltl:ilum 2x10%° | 7x10% | 4x10%° [6]
rubltzjlum 53x102| 0 1.2x10° | [14]
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roposed | 5x10 0 | 12x10" | ¥

/lf]i,k:rli(+b;c,k+bisv,k+Tki' |L+/1Ni+”hi,k @
+Vi
/Zfiz,k:rli(+b;c,k+bisv,k +Ty - ||i<+/2Ni2+miz,k 3)
+hj,+ V)
where thesubscriptnumbes i 1 0 a nade use@ to
indicate L1 and L2 frequengs subscriptk is the time
index andsuperscripti indicates the satellite prn number;
/ and f arethecarrier wavelengtin metersand carrier
phase measuremeint cyclesrespectively r is the true

geometry range betweethe receiver andthe satellite;
b, and b, are receiver clock and satellite clock-

ephemeriserrors respectively T and | are the common
tropospheric and ionosphererrors;N is the carrierphase
integerambiguity, m is the carrierphasemultipath; by, is

the inter-frequency bias andv is the carriefphase
measurement noise.

An ionospherdree carrierphase measuremeist formed

by pre-multiplying Equation (3) by 12112 - 1,9) and

subtractingit from Equation (3 thatis pre-multiplied by
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where c is the speed of lightind v,, is theionosphereree
carrierphasemeasurement noise

Taking a time difference on the ionospherfree carrier
phasemeasurementé Equation (4 with respect to @m
arbitrarystarting timet,, time invarianttcomponents, such



as integer ambiguities and intefrequency bias, are
eliminaed

/wf\i/v,k-O :/wf\i/v,k - /wf\i/v,o

= f|i<-o + b;c,k-o + bisv,k- 0 +Tki- 0 ®)
"’f—lzmik 0- f—zszk 0 *Viwk-o0
flz' f22 " f12' f22 i w

With multiple common satellites in view durinige data
collection period, one more measurement difference
betweena pair of satellitess takento eliminatecommon
receiver clock errar (the sameSV clock type wasused
when selectinghe satellite pais):
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The doubledifference geometric range £ , is

estimated using the pre-surveying site location and
satellite broadcast ephemerisThe Wide Area
Augmentation SystemWAAS) troposphere correction

) [16] is applied to remove the majority of the

tropospheric error. What remains is an estimatehef
total clock-ephemeriscoasting errors foa pair of GPS
satellites
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As expressd in Equation (7), e quality of the total
coasting erroestimatefor eachsatellite pair depends on
the doubledifferene range and troposphemodelerrors,
as well aghe multipath environmenftThe sinilar process
to estimate satellite clock errorarcbe foundn [17] for
precise standalon®8PS positiomg.

Figure 2 shows the resulteom processinghe collected
data through equatiom (2)-(7) from the two sites The
nearly identicalresults for the correspondin8V pairs
from two sites demonstratiat the measuremenhoise
andmultipatherrorshavenegligible effect on thestimate
of thesatellite clockephemeris caging errors.

total carrier coasting errors for SV pairs from two sites

T F
T T
| |

15

™!

,,,'"

froytrerm
Fethll

IIT rooftop site
1 =m=mn Wwhite sox site |

xr*""ﬁ:p#:

05 N":ﬁ; W

e,

Y

R\
biON

total error: m

-0.5

-1.5

0 200 400 600 800 1000 1200 1400 1600 1800
coasting time : sec

Figure 2 Total SV clockephemeris coasting error
from two sites

Residual errors in the doubledifference range
estimatiors, @ £}, can be due to two factorsrrars in

knowledge of the receivamntenna and satellite posit®n
The individualpositions of the antennaseach of the two
sites were estimatedsing dualfrequency carriephase
DGPS technigue with the fikar7d CORS site asthe
reference station, whicls iabout 5 kmaway fromboth
antenna locationsT'he standard deviatienfor horizontal
and verticalposition errorsare expectetb be less than 10
cm and 15 cm, respectivelyhe satellite positions were
propagated using broadcast ephemérczording to @S
Standard Positioning Service (SPS) [18], RMS User
Range Error (URE}s expected to bkess than 6n across
the entire constellation over any -Béur interval
However, the majority of initial ephemeris errar are
cancelled out due to tirrdifferentid process in Buation
(5). Only the change in ephemeris esnpactsthe total
satellite clockephemeriscoasting erroobservablesand
the effect is negligibly small.As previously noted,
tropospheric delay is corrected by using WAAS
tropospheriomodel In an effort to reduce thmagnitude
of  tropospheric  residuals, only carrierphase
measurements from satellites witit least30 degree
elevation angle were used. According to WAAS
Minimum Operatioal Performance StandaadMPOS)
[16], the standard devi#on of tropospheric residual after
applyingWAAS correction is from 25 to 12 cfior 30 to
90 degree elevation anglesgain, the effect of the
tropospheric residuals in the douldiéference carrier
phase observables &sected to be much less than this
becausdhetime-difference process effectively eliminates
the initial tropospheric residudbiases Only the reilual
small drifts during the coasting time can affecthe
estimation.These are expected to be at the level of a few
centimeters at most.

Therandom pa#d of the coasting errors foeachsatellite
clock pair were extraded by detrendingthe slogs from

the total coasting erroiso be explained in detail beldw
The random error estimatioage shown in kjures 3 and
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Figure 3 Five-minuterandom clock coastingmrs

4 for 5minute and lhour coasting timesAlso shown in
the figures arehie predictingstandard deviation curves of
the coasting phase errar from the derivedstochastic
modek (scaled by squarmot of two because thdata is
for a pair of SV clockusingthe rubidium specifiations
that are listed in @ble 2 Both figures illustrate thathe
predictions from the models fit the growing trendtioé
random coasgtg errors, but miss matching the magnitude
(the rubidium 1model is overconservative whilethe
rubidium 2 model is slighly underconservativik The
results demonstratthat the derived stochastic model is
applicable to atellite random coasting errorBpwever,
accurate power law spectrum coefficients for current
onboard GPS clocks are difficult to identiince nost of
the research on GPS satellite clock stabitigsfocused
on long term stability in days, months or even yeas2][
[19]. Therefore,in this work,a set ofh coefficients are
proposed based on tlpecificationdor rubidium atomic
clocksfrom the literature andthe estimatedandomclock
coasting errorsin Figures 3 and .4The proposedh
coefficients are intended to function asstart for a
standard satellite clockandomcoastingerror model that
is adequately conservative for current future GPS
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Figure 5 Histogram of detrended slopes

Figure 4 One-hour random clock coasting errors

satllites. The literaturebasedand proposeti coefficients
are listed in Table.2

The detrendedslopes from the estimatedotal clock-
ephemeriscoasting errorsvere obtained byapplying LS

fit processto fit a straight line intoeach onéhour long
segmenbf data The slog physically includeghe initial
satellite clock frequency bias and the change of ephemeris
orbit error. A linear fit model for e hour coasting
interval is reasonable to represent nonrandom
(deterministic) clockplusephemeris errar because of
two facts:GPS satellite clock correctiamodel isusually
linear for 2 hours (a coefficient is always zerand
broadcast navigation dais normally updated for every 2
hour9, andonehour straight line is a good approximation
for normal satelite orbit erros, which havea 12hour
period.

A histogram ofcomputed LS slogs is shown in Fgure 5
with 168 onehour samples. Although thigs not
statistically a sufficient sample sizeto draw firm
conclusiors about the standard deviation dhe clock-
ephemeris error ratbor a deterministidinear model, it
provides a range where we can start witBimilarly,
Figures 6-7 show the histogram of clock random
coasting errors at coasting times of 5, 15, 30 and 60
minutes. To accommodate both effectsve propose a
four-state total cloclephemeris error coasting model

=) \=)
This modelincludes twostate vectorsb,, andb, . The

I
vector b, accouns for the stochastic clock coasting

errors with proposed coefficients listedat the last rown
Table 2 On the other hand, the deterministic tatate

vectort;z behave lineally. The stadard deviation of the

predictedtotal clockephemeris coasting ersis the root
sumsquare RS9 of the phase variance from linearly
propagatingdeterministic stategnd the phase variance
that wasanalytically cerived by stochastic modeThe
discretetime dynamics of the proposed festatemodel



