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ABSTRACT  

 

A multiple-state stochastic clock model of a GPS receiver 

clock is derived using methods that have been 

successfully applied in existing models for high-quality 

satellite clocks.  An advantage of having a stochastic 

receiver clock model is that it can lead to improved 

positioning performance in GPS navigation systems.  

Another benefit is that the additional redundancy 

provided by a clock dynamic model can increase fault 

detection performance and availability of receiver 

autonomous integrity monitoring (RAIM). 

 

It is shown that a four-state receiver clock model, which 

accounts for both the clockôs random and deterministic 

errors, can be easily incorporated into a Kalman filter for 

improved the real-time position and clock state 

estimation, without the need for a corresponding dynamic 

model for the position states. As a preliminary analysis, 

the results of the estimated receiver clock from the 

Kalman filter framework is then used to quantitatively 

evaluate the performance improvements in both 

positioning (fault-free availability) and fault detection 

(RAIM availability). In this work, current navigation 

systems under consideration by the GNSS Evolutionary 

Architecture Study (GEAS) are used as benchmark 

applications for performance evaluation using the receiver 

clock model augmentation. 

 

INTRODUCTION  

 

Precise time information dissemination is the key to the 

success of Global Positioning System. Therefore, onboard 

GPS satellite clocks are required to have excellent 

frequency stability. High quality atomic clocks are the 

current choice due to their extremely stable frequency 

over long durations [1-2]. The quality and stability of 

atomic clocks has been extensively studied [3-4] and the 

analytical equations for the covariance of clock coasting 

phase and frequency random errors were mathematically 



derived through an impulse response model in [5-6]. This 

derivation was re-visited by the authors in this current 

work and the results were validated through actual GPS 

measurements collected by static GPS receivers. The 

validated stochastic clock model is able to predict the 

covariance of high quality atomic clock coasting errors 

more precisely than a simple slope model. Therefore, the 

use of a stochastic model can more faithfully predict the 

performance of any application that involves clock 

coasting error prediction. 

 

Cost effective commercial GPS receivers have been 

widely used in a wide variety of services and applications. 

Low-cost low-stability receiver clocks (such as 

temperature compensated crystal oscillator, TCXO) can 

be employed at the expense of requiring one more 

satellite (minimum four SVs in view) to solve for the 

receiver clock offset during positioning. For more 

demanding applications, however, a high quality receiver 

clock may have great benefits [7], albeit with cost 

increase that comes with incorporating such a clock in a 

GPS navigation system. To be able to utilize the benefit 

of high precision receiver clock and ensure the system 

integrity simultaneously, the clock phase deviations from 

GPS time and the frequency deviations from clock 

nominal frequency have to be estimated reliably. In 

response, a different four-state clock model for high 

quality atomic clocks is presented in the paper. The 

advantages of the four-state clock model over more 

conventional two-state clock models and least-squares 

(LS) fit approaches are detailed later in this paper. 

 

Using navigation architectures under consideration by the 

GNSS Evolutionary Architecture Study (GEAS) [8] as 

benchmark applications, a preliminary analysis of using 

high quality receiver clock estimates from a Kalman filter 

are presented. The results show great potential for 

performance improvements in the GEAS system 

availability due to improvement in the position accuracy 

(mainly in vertical position) and fault detection. 

 

STOCHASTIC CLOCK MODEL  

 

Clock dynamics has been the focus of a great deal of 

research because of the extensive usage of clocks in 

various modern electronic devices. The power spectrum 

of the clock outputs has proved to be a very useful tool to 

analyze the stability of clock behavior, regardless of the 

physical realization of the clock. In general, a power law 

behavior (magnitude proportional to 1/f
Ŭ
 ) can be 

observed in the power spectrum of clock outputs [9-10]. 

Table 1 displays the coefficient symbols and the 

originating sources of clock phase errors [11].  

 

For high quality atomic clocks, phase noise originating 

from the instability of the phase itself is small and will not 

accumulate over time. Therefore, the dominant phase-

error source is the accumulated error coming from 

frequency instability (h0, h-1 and h-2). However, it is 

difficult  to apply a linear model to account for all 

frequency instabilities for two reasons: first is the flicker 

noise (h-1 term) which cannot be represented using a 

system model with a rational transfer function of 

polynomials [12-13]; second is the averaging-over-time 

effect on the coasting average frequency deviation. 

Nevertheless, the relationship between the power law 

coefficients and the covariance of random clock phase 

and average frequency deviations (two random states) 

after a certain clock coasting (free-running) period can be 

derived analytically through impulse response methods. 

The derivation has been presented in [5] and [6] and is 

revisited by the authors in the appendix. The results are 

written below:  
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where 0wb  is the accumulated clock phase deviation due 

to the random frequency deviation 1wb , and Dt is the 

clock coasting or free-running time. 

 

The derived stochastic clock coasting error model will  be 

experimentally validated in the next section. In Figure 1, 

Equation (1) is used to generate the predicted standard 

deviation (s) curves of random coasting phase errors for 

rubidium frequency standards, which are listed in Table 2 

The figure also shows the 1-s  GEAS clock-ephemeris 

linear coasting error model (8.5³10
-4
 m/sec).  

 

 A two-state stochastic model is sufficient to properly 

model random clock coasting errors for high quality 

atomic clock, such as commercially available rubidium 

clocks. (Two additional states will be used to handle 

deterministic errors, as we will see later in the paper.) For 

clocks with lower frequency stability, like chip-scale 

atomic clock (CSAC) [15] or high-end oven-controlled 

crystal oscillator (OCXO), a three-state stochastic model 

Table 1 Coefficients of power law model 

Symbal of 

Coefficients 
h2 h1 h0 h-1 h-2 

Magni- 

tude 
h2 f 

2 
h1 f  h0 h-1 / f h-2 / f 

2
 

Source of 

Modu- 

lation 

white 

phase  

flicker 

phase  

white 

freq. 

flicker 

freq. 

random 

walk 

freq. 

 



is necessary to account for the randomness in frequency 

drift. A similar methodology to the one explained in the 

appendix can be used to derive analytical results for the 

covariance of three-state stochastic clock model. These 

results will be published in a future paper. 

 

As discussed in the appendix, it is important to clarify that 

the analytically derived covariance of the clock coasting 

errors is an average over the coasting period. It does not 

represent the covariance of instantaneous clock coasting 

error. This fact will also be important when it comes to 

implement the stochastic clock error model for receiver 

clocks. 

 

MODEL VALID ATION USING  GPS SATELLITE 

CLOCKS 

 

Four sets of GPS carrier-phase measurement data from 

different days were processed to generate the estimated 

time traces of GPS satellite clock-ephemeris coasting 

errors. The data was collected by a NovAtel OEM V GPS 

receiver with an antenna rigidly mounted at a meter-

height post on the rooftop of the two-story Engineering-1 

building in Illinois Institute of Technology (IIT). During 

part of the data collection interval, data was also collected 

by a NovAtel DL-IV GPS receiver on the ground at 

another site (an empty parking lot) which is about a half 

mile away from the IIT site. The parking lot data is used 

as a comparison to prove that the estimated clock-

ephemeris traces are dominated by the intended SV clock-

ephemeris coasting errors (common for both sites) and not 

driven by multipath (since the two sites have completely 

different surrounding environments) or other residual 

errors. 

 

The observation equations of the GPS carrier-phase 

measurement for L1 and L2 frequencies are listed below 

as: 

 

i

i
k

ii
k

i
k

i
ksv

i
krc

i
k

i
k

v

mNITbb

1

,111,,,11

+

++-+++= lrfl
 (2) 

ii

i
k

ii
k

i
k

i
ksv

i
krc

i
k

i
k

vb

mNITbb

212

,222,,,22

++

++-+++= lrfl
 (3) 

 

where the subscript numbers ñ1ò and ñ2ò are used to 

indicate L1 and L2 frequencies, subscript k is the time 

index and superscript i indicates the satellite prn number; 

l and f are the carrier wavelength in meters and carrier-

phase measurement in cycles respectively; r is the true 

geometry range between the receiver and the satellite; 

rcb and svb  are receiver clock and satellite clock-

ephemeris errors respectively; T and I are the common 

tropospheric and ionospheric errors; N is the carrier-phase 

integer ambiguity; m is the carrier-phase multipath; b12 is 

the inter-frequency bias and v is the carrier-phase 

measurement noise. 

 

An ionosphere-free carrier-phase measurement is formed 

by pre-multiplying Equation (3) by )2
2

2
1

/(2
2
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subtracting it from Equation (2) that is pre-multiplied by 
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where c is the speed of light and wv  is the ionosphere-free 

carrier-phase measurement noise. 

 

Taking a time differences on the ionosphere-free carrier-

phase measurements in Equation (4) with respect to an 

arbitrary starting time t0, time invariant components, such 
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Figure 1 One-s curves for the two rubidium clock 

models and the GEAS linear model 

Table 2 Values of the h coefficients from literature and 

for the proposed model 

 h0 h-1 h-2 reference 

rubidium 

1 
2×10

-20
 7×10

-24
 4×10

-29
 [6]  

rubidium 

2 
5.3×10

-22
 0 1.2×10

-31
 [14] 

proposed 

model 
2×10

-21
 0 1.2×10

-31
 

sdf = 

2×10
-4
 

 



as integer ambiguities and inter-frequency bias, are 

eliminated: 
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With multiple common satellites in view during the data 

collection period, one more measurement difference 

between a pair of satellites is taken to eliminate common 

receiver clock errors (the same SV clock type was used 

when selecting the satellite pairs): 
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The double-difference geometric range , 
ji

k
-
-0
Ĕr , is 

estimated using the pre-surveying site location and 

satellite broadcast ephemeris. The Wide Area 

Augmentation System (WAAS) troposphere correction 
ji

kT
-
-0
Ĕ  [16] is applied to remove the majority of the 

tropospheric error. What remains is an estimate of the 

total clock-ephemeris coasting errors for a pair of GPS 

satellites: 
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 (7) 

 

As expressed in Equation (7), the quality of the total 

coasting error estimate for each satellite pair depends on 

the double-difference range and troposphere model errors, 

as well as the multipath environment. The similar process 

to estimate satellite clock errors can be found in [17] for 

precise standalone GPS positioning. 

 

Figure 2 shows the results from processing the collected 

data through equations (2)-(7) from the two sites. The 

nearly identical results for the corresponding SV pairs 

from two sites demonstrate that the measurement noise 

and multipath errors have negligible effect on the estimate 

of the satellite clock-ephemeris coasting errors.  

 

Residual errors in the double-difference range 

estimations, 
ji

k
-
-0dr , can be due to two factors: errors in 

knowledge of the receiver antenna and satellite positions. 

The individual positions of the antennas at each of the two 

sites were estimated using dual-frequency carrier-phase 

DGPS techniques with the ñkar7ò CORS site as the 

reference station, which is about 5 km away from both 

antenna locations. The standard deviations for horizontal 

and vertical position errors are expected to be less than 10 

cm and 15 cm, respectively. The satellite positions were 

propagated using broadcast ephemeris. According to GPS 

Standard Positioning Service (SPS) [18], an RMS User 

Range Error (URE) is expected to be less than 6 m across 

the entire constellation over any 24-hour interval. 

However, the majority of initial ephemeris errors are 

cancelled out due to time-differential process in Equation 

(5). Only the change in ephemeris errors impacts the total 

satellite clock-ephemeris coasting error observables, and 

the effect is negligibly small. As previously noted, 

tropospheric delay is corrected by using WAAS 

tropospheric model. In an effort to reduce the magnitude 

of tropospheric residuals, only carrier-phase 

measurements from satellites with at least 30 degree 

elevation angle were used. According to WAAS 

Minimum Operational Performance Standards (MPOS) 

[16], the standard deviation of tropospheric residual after 

applying WAAS correction is from 25 to 12 cm for 30 to 

90 degree elevation angles. Again, the effect of the 

tropospheric residuals in the double-difference carrier-

phase observables is expected to be much less than this 

because the time-difference process effectively eliminates 

the initial tropospheric residual biases. Only the residual 

small drifts during the coasting time can affect the 

estimation. These are expected to be at the level of a few 

centimeters at most. 

 

The random parts of the coasting errors for each satellite 

clock pair were extracted by detrending the slopes from 

the total coasting errors (to be explained in detail below). 

The random error estimations are shown in Figures 3 and 
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Figure 2 Total SV clock-ephemeris coasting errors 

from two sites 



4 for 5-minute and 1-hour coasting times. Also shown in 

the figures are the predicting standard deviation curves of 

the coasting phase errors from the derived stochastic 

models (scaled by square root of two because the data is 

for a pair of SV clock) using the rubidium specifications 

that are listed in Table 2. Both figures illustrate that the 

predictions from the models fit the growing trend of the 

random coasting errors, but miss matching the magnitude 

(the rubidium 1 model is over-conservative while the 

rubidium 2 model is slightly under-conservative). The 

results demonstrate that the derived stochastic model is 

applicable to satellite random coasting errors; however, 

accurate power law spectrum coefficients for current 

onboard GPS clocks are difficult to identify, since most of 

the research on GPS satellite clock stability has focused 

on long term stability in days, months or even years [1-2], 

[19]. Therefore, in this work, a set of h coefficients are 

proposed based on the specifications for rubidium atomic 

clocks from the literature and the estimated random clock 

coasting errors in Figures 3 and 4. The proposed h 

coefficients are intended to function as a start for a 

standard satellite clock random coasting error model that 

is adequately conservative for current or future GPS 

satellites. The literature-based and proposed h coefficients 

are listed in Table 2. 

 

The detrended slopes from the estimated total clock-

ephemeris coasting errors were obtained by applying LS 

fit process to fit a straight line into each one-hour long 

segment of data. The slope physically includes the initial 

satellite clock frequency bias and the change of ephemeris 

orbit error. A linear fit model for one hour coasting 

interval is reasonable to represent non-random 

(deterministic) clock-plus-ephemeris errors because of 

two facts: GPS satellite clock correction model is usually 

linear for 2 hours (a2 coefficient is always zero and 

broadcast navigation data is normally updated for every 2 

hours), and one-hour straight line is a good approximation 

for normal satellite orbit errors, which have a 12-hour 

period. 

 

A histogram of computed LS slopes is shown in Figure 5 

with 168 one-hour samples. Although this is not 

statistically a sufficient sample size to draw firm 

conclusions about the standard deviation of the clock-

ephemeris error rate for a deterministic linear model, it 

provides a range where we can start with. Similarly, 

Figures 6-7 show the histograms of clock random 

coasting errors at coasting times of 5, 15, 30 and 60 

minutes. To accommodate both effects, we propose a 

four-state total clock-ephemeris error coasting model. 

This model includes two state vectors, wb
G

 and db
G

. The 

vector wb
G

 accounts for the stochastic clock coasting 

errors with proposed h coefficients listed at the last row in 

Table 2. On the other hand, the deterministic two-state 

vector db
G

 behaves linearly. The standard deviation of the 

predicted total clock-ephemeris coasting errors is the root-

sum-square (RSS) of the phase variance from linearly 

propagating deterministic states and the phase variance 

that was analytically derived by stochastic model. The 

discrete-time dynamics of the proposed four-state model 

Figure 3 Five-minute random clock coasting errors 

 
Figure 5 Histogram of detrended slopes 

Figure 4 One-hour random clock coasting errors 


