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Abstract— This paper gives a bound on the continuity of solu- is obtained by developing a generalized chain-rule to bound
tions to nonlinear ordinary differential equations. Continuity is  the derivatives of the solution map.
measured with respect to an arbitrary Sobolev norm. This reslt Although there are many reasons that one might be inter-

is used to give a bound on the continuity of a common converse . . . -
Lyapunov function. A major technical contribution of this p aper ested in obtaining a bound on the continuity of the derieativ

is to give an explicit formula for n'"-degree derivatives of the Of g, or of converse Lyapunov functionals, there is one
composition of differentiable mappings fromR" to R™. Thisis reason that is of particular interest. Recently, reseasdieve

a generalization of the formula of Faa di Bruno which dealt jnvestigated the use of semidefinite programming to constru
with differentiable mappings from R to R. It is expected that polynomial Lyapunov functions for nonlinear ordinary dif-

continuity bounds of the type given in this paper can be used : . .
to prove the existence of bounded-degree polynomial Lyapuav ferential equations. Among the proposed methods is the use

functions or give bounds on the Lyapunov exponent. of “sum-of-squares” of polynomials. Given a degree bound,
the set of such polynomials can be parameterized using
|. INTRODUCTION positive semidefinite matrices. Although not all positive

The question of the continuity of solutions of ordinarypolynomials are sums-of-squares (SOS), the gap between
differential equations has been studied for some time.ddde sufficient and necessary can often be reduced through the

it is well-known that for an ordinary differential equatiofi  Use of “Positivstellensatz™-type results, at the expente o
the form additional complexity. In [14], we showed that if a locally

i(t) = fla(t)), 2(0) =y exponentially stable system has a vector field which is three
times continuously differentiable, then there will alwaysst
The Continuity properties of the solution are inheritedniro a p0|ynomia| Lyapunov function which proves exponentia|
the continuity of the vector field. Specifically, assume eXstability. While this result is intriguing, the practicdfect is
istence and uniqueness and denote the solutiog(byy), |imited by the fact that computation always occurs over a set
where we have made clear the dependence of the solutighpolynomials of bounded degree. Therefore, conservatism
on the initial Conditiony. Settlng aside the question of Conti-wi” genera”y arise through the choice of degree bound.
nuity of the solution with respect th we examine continuity There is strong evidence to suggest, however, that a bound
of the solution with respect to the initial conditiop, This  on the continuity of the derivatives of the converse Lyapuno
problem arises often in areas such as sensitivity analysisnction will allow one to find a bound on the degree of the
and finding Lyapunov exponents. There are many excellefgsociated polynomial Lyapunov function. Note, however,
references on the the fundamental properties of nonlinear @hat application of the results of this paper to obtain this
dinary differential equations, e.g. [6], [3] and [16]. Ces®ly  pound is significantly beyond the scope of the paper.
stated, the solutiory, lies in the same class of continuously Naturally, the general question of the properties of con-
differentiable functions as that qf This result can be found verse Lyapunov functions has been well studied, and in par-
in [1]. However, although the continuity aof is equivalent tjcular the differentiability of the Lyapunov function hbsen
to that of f, a bound on the continuity properties fwill  explored. Some early examples include [2], [11] and [8]. A
not, in general, translate to a bound on the continuity.of summary and extension of many of these results can be found
Precisely: if L is a global bound on the Lipschitz continuity in [12]. In a different vein, the use of smoothing operators
of f, thenL will not generally be a bound on the Lipschitz on open sets to create infinitely-differentiable functioves
continuity of g. Moreover, there seems to be no result in thexplored in the work [5], and more recently in [10]. Other
literature yielding any kind of bound on the'" derivative innovative results on converse Lyapunov functions can be
of g in the general n-dimensional case. found in [9] and [15]. The reader is also referred to [3]
The contribution of this paper is to use an extension oind [7] for a treatment of converse theorems of Lyapunov.
the generalized chain rule and a bound on the Lipschitz The difference between previous results and the current
continuity of f to give a bound on the Lipschitz continuity work is that while previous results proved differentiatyili
of the m! derivative ofg in the general n-dimensional case.of the converse Lyapunov function, no bound was given
This result is used to give a bound on thé" derivative of a on the size of this derivative, whereas in the present work,
common form of converse Lyapunov functional. This resuliye give an explicit bound for the size of the derivatives
. . , by using properties of the vector field. See Section V. The
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differential equations. This work is given in Section IV. The n!" Bell number, denotedB,,, is the number of
Finally, a major technical contribution of this paper is topartitions of a set witm members. The Stirling number of
construct a generalization of Faa di Bruno’s famous formultne second kind$'(n, k) is defined as the number of ways to
which gave an explicit formula for thé!" derivatives of partition a set of. elements intd: nonempty subsets. More
a composition of differentiable functions. Whereas Faa dixplicitly,

Bruno was interested in derivatives 6fg(x)) where f, g : &

R — R, we are interested in the case whetg : R — S(n, k) = Z(_l)k—z‘ : j*t :
R™. This work also generalizes and unifies several previous Pt (i = Dk —)!
results on the generalization of the Faa di Bruno’s formula}jind
such as [13] and [4]. See Section Il n
Bn=>_ S(nk).
II. NOTATION AND BACKGROUND =1
Let N™ denote the set of length vectors of non-negative  |ll. PREVIOUS WORK AND A GENERALIZED CHAIN

natural numbers. Denote the unit cubeNh by Z™ := {a € RULE

N™ = a; € {0,1}}. Forz € R", [z[loc = max; |z, and The results in this paper are based on the application of
|z]l = Va"x. Define the unit cube iR" by B := {x € 3 generalized chain rule in combination with the Gronwall-
R™ : [[z]loc < 1}. LetC(Q2) be the Banach space of scalarge(iman Inequality. The derivation of a generalized chain
continuous functions defined dia C R™ with norm rule is the major technical contribution of this paper. How-
ever, before presenting this result, we give a statement of
the well-known Gronwall-Bellman Lemma. This result is a
classic tool for investigating properties of the solution.
Lemma 1 (Gronwall-Bellman)Let A be continuous and

[ flloo == sup || f ()| co-
zEQ

For operators;, let[ [, 7; denote the sequential composition

of the £;. .e. 1 be continuous and nonnegative. Lebe continuous and

Hhi :=hyohgo---0h,y_10h,. satisfy fort < b,

7 t

For a sufficiently regular functiorf : R — R anda € N”, y(t) < A1) +/a p(s)y(s)ds.
we denote partial derivatives by Then

« aa - 80(1' t t

D)= gl to) = 1 g /() y(®) < MO+ [ Ms)uls)exp [ / umd{ ds
=1 a s

where naturallyp? f /029 = f. When it is not clear which If A andu are constants, then

variable is being plifferentiated, we will make this gxpjici y(t) < ek,

theough the notatio; wherex is the vector of variables  the second topic discussed in this section is a general-
to differentiate. Fof2 C R", we define the following sets of j,4tion of the chain rule to higher derivatives and to the

differentiable functions. composition of maps fronR” — R™. Alternatively, this

) is also a generalization of the well-known Faa di Bruno’s
Ci(Q):=<f:D*feC(f) foranya € N" suchthat formula

o L poe) = 3 19D (@) - T 6" ().
lally = ZO‘J’ < i dr mell Bem
=t wheref,g: R — R, IT is the set of partitions of1,...,n},
_ and| - | denotes cardinality. There are two existing general-
Ci(9) = {f : DYf € C(Q) foranya € N such that ization of Faa di Bruno’s formula. The first extension was
, given in [13] and considers the case whenR" — R and
oo = maxa; < "} g : R — R™ We will not list the formula given in [13]
because the presentation is not given in combinatoric form
and is therefore quite lengthy. The second extension of Faa
di Bruno’s formula considers the case whgnR — R and
g : R™ — R can be found in [4].

As is customary, we refer to a functighasr-times contin-
uously differentiable o2 if f € C7 (). C>(Q) is the ex-
tension to infinitely continuously differentiable funatie. We
will occasionally refer to the Banach spad&$?((2), which
denote the standard Sobolev spaces of locally summable 9" Flg(z)) = Z 707D (g(x)) - 018lg

functionsu : @ — R with weak derivativesD“u € L, () O0xy -0z iyt Ben [;cp 0x;

for |al; <k and norm , . o -
In this paper, we give a generalization of Faa di Bruno’s
lullwes ==Y 1Dl . formula to the case whefi : R* — R™ andg : R® — R".
lafi <k ! We rely on the following notation.



Definition 2: Let Q! denote the set of partitions of

(1,...,r) into ¢ non-empty subsets. r i+l
a5 f(2(2))x
In the following, we decompose the multi-indexe N", 12;312:1 jz_:lﬂzl: L Oy - Oy,
into a sequence of-dimensional unit vectors;. Although i
the set of suc_h vectors i_s unique, the ordering, naturally, | Z DYz (x) H DX ey M2 (2)
not. It is possible that this aspect of the formula may admit Geo:
some future simplification. 4l n
Lemma 3 (Generalized Chain Rule$upposef : R" — lzz 2:1 Z Oxj, Bacj , oo, FE)x
R andz : R™ — R™ arer-times continuously differentiable. o - .
Let a € N* with |a|; = r. Let {y;}/_, € N be any _— = S ien M,
sequence of bases such that >, v; and||y;][, = 1. Z p H D=teon Tz, (@)

peil - k=1
r+1 n

Sy Yy o 3% g (@)

=2j1=1  jy=

Dafleted =" ) HDZZW (@)
D233 gy e e

Ji=1
i For the second term, we take the set of partitions of
Z H Dxea Yz (x) (1,---,r) into ¢ distinct subsets. Then for each partitiGn
peQi k=1 createi new partitions of(1,---,r + 1) by addingr + 1
to each of thei subsets. ThIS new set of partitions can be
Proof: Assume that the statement is true for some genoted using the cartesian productﬂé,sx {r+1}.
Then forr+1, we apply the chain rule to obtain the foIIowmg

two terms. Z Z Z 8IJ (Z(.’L‘))X

=1 j1=1 Jji=1

Z D+t HDZZ€ﬁk RL i I)

Beqi
Daf(z(:c)) = DVr+1 DO Yr41 f( (ac)) r n 5
T n ai-}-l = Z 7f(2’(1’))><
o Z Z Z ( Z - Ox f(z(ac))x i=1 j1=1 ji=1 6x]1 ax]i
i=1j1=1 Ji=1 \Ji+1= 1 Jit1 i
i DVT'FZLEﬁh ’YL H DZzggk Vl I)
D’Yr+1zji+l (I)) Z H DZZEBk ol %, (I) Geoi hm1 k h
Beqi k=1 o . _ #
r al
- S Y —" T ) ¥
+ Z Z Z 317]1 (z(:c))x ;jlzzl ; Oxj, - 0xj,

i=1j1=1 7i=1

DY Z li[ Dzlggk " %, (x) Z H DZleBk " Zjy, (CL‘)

BEQi x {r+1} k=1

BeQi k=1
= fi(z) + fa(x) Now, since
Qi X{T+1}ﬂ{6693~+1: 61':{7"-‘1-1}}:(2
fori=2,---,r, and

O x {r+1} =05,
Now, we examine the first term. We first make the substi-
tution i = i’ — 1. We then use the identit@’ & {r + 1} = for i =1 and
{B € QY : Biy1 = {r + 1}}. This is the set of partitions (BeQ  : fi={r+1)) =0
of (1,---,r + 1) into ¢ + 1 distinct subsets, such that for ' T
each partition, one of the elements of the partition is symplfor i = r 4+ 1, when we combine the terms, we can also
{r + 1}. We have the following. combine summations fori = 2,--- ,r (fori = 1,7 + 1,



only a single appears) to get.

1Dg2(2)" 2(2)]| < 2||z(2)] [D*2()]

f(x) = f1 (:C) + fg(l‘) +2 Z HDZzeﬁl ’YLZ(x)H HDZzeﬁz ’Yzz(x)H

<i Z peq2

i=1 BeQi x {r+1} < (25(r2) +2) e [D7z(x)]|
) = 2" max |D?2(x)|”
i ; Z +gem§% 1 Recall here thalS(r,n) denotes the Stirling number of the
- fi?;ﬁ} T second kind. In the final equation, we have used the identity
1 S(r,2) =211, u
+ Z Z % Corollary 5: Supposef : R" — R andz : R* — R”
=il geq: are r-times continuously differentiable. Let € N™ with
Bim{r i1} laj; = r. Let B, denote the-*" Bell number. Then
n n 61 A o -

oY g fG@) [[ DR @) 1P E@) <
=1 gi=1 Ji k=1 n" B, max|| D f|| s max max||DP 2, ()",

r+1 n n o |1B1<r B<a  k
_ d
=22 2 g T @)X + nmax]| m— f oo max|| D%z ()]

i=1j1=1  ji=1 71 Ji i Oz k

i Proof: Let {v;}7_, € N be any sequence of bases
Z H DZes. Yz (1) such thate = >~'_,~; and |||l = 1. By Lemma 3, we
péar,, kol have the following.
1D f(z())]

Thus we have completed the inductive step. Since the state-
ment is true for- = 1 by the chain rule, we have completed
the proof. |

i=1j1=1  ji=1p3eQl
8i - Zz it
fz(@) T[] D> 2, ()
We can use Lemma 3 to obtain bounds on the derivatives k=1
of a function. This is done in the following two corollaries. - ZT: Z z": z”:
Corollary 4: Supposez : R® — R" is r-times continu- -
ously differentiable. Letv € N with |a|; = r. Then

(i)le s 6$31

=2 eQi i=1  ji=1

o' Sy
D&ies Ny H
2 | L 1) T [[= 20
|D%2(2)" 2(2)|| < 2" max||D’z(z)|". n -
= 9 D®z;(z)
Proof: Let {v;} € Z" be any decomposition ok so + z; axjf(z(x)) A
thata = 327, . If f(2) = 272, then by Lemma 3, we =
o < n"B, max||D? f|loc ma DP 2 ||"
have the following. < \ﬁlgi” fll kffi( D72k |5
0 Do
Doz (z)" 2 () + nmJaXHa—:ijlloo mgXH 2 (@) ||
— ~y di 2 - > " u
= Z @Zﬁ(z) Z [I Do z(a) These corollaries give bounds on the derivatives of a
j=1 =1 pBeEL k=1 . . . .
. " composite function given bounds on the lower-order deriva-
= 2z(x)" D*z2(x) tives of the component functions. Corollary 5 is used as an
49 Z (DX 1em V5 ()T (DX 1es V2 () inductive step several times in the following proofs. The
seq? bound given clearly increase quickly with the number of

states and the order of the derivative. In Corollary 4, there
does not appear to be any conservatism. In Corollary 5,
The second line is the expansion of the firstfor 1,2. In however, we have used the inequality
the second equality, we have furthermore noted fhat= - -
{1,---,r}. Naturally, sincez is scalar, we could have used Z S(r,i)nt < ZS(TJ)”T — B,
the formula in [4]. Finally, we have the following. P P



Although this inequality is conservative, it is clearly notThen

conservative by more than a factor «af
max maxHD 216(T, )| oo < M(T,w,n, L,7)

IV. BOUNDS ON THEDERIVATIVES OF THE SOLUTION a1 <

Consider the system for all y € Y, where
wheref : R™ — R"™, f(0) = 0 andz(0) = zo. We assume r ‘ /i
that there exists am > 0 such that for any||zg||o < 7, = (max{1, w} +Tan)e"LTH (TnlBiLe"LT) K
Equation (1) has a unique solution for ali> 0. We define ‘ he identi =2
the solution map4 : R™ — C([0,00)) by Proof: Note the identity

t
()@ = 2() ) =yt [ Fas)is

for t > 0, wherez is the unique solution of Equation (1) 0
with initial condition . Then

A. Existence of solutions

We briefly mention the question of existence of sufficiently
continuously differentiable solutions. Proof of the eaiste
of these solutions can be found in a number of sources.
particular, we quote the following work of Arnol'd [1]. | D2 fi(2(2))|| < n" By max||DP filloe max || D%z|%

Lemma 6 (Arnol'd):Suppose thaff € C7(X) for X C 1B1<r f<a

Dz‘z(t,y) = D% —|—/0 Dz‘f(z(s, y))ds.

EP/ Corollary 5, we have

R™. Then any solutiory : RT™ x X — Y, whereY C R", 9 e
and such that +nmax| = fl”oo max|| Dz ()]

) J

5.9y = fla(t,y))

90,9) =y We proceed by induction. We show the statement holds for
satisfies, for any fixed", ¢(T,-) € C;(Y). r = 0 andr = 1, then consider > 1. By assumption,

In this paper, we make use of the assumption that tHB€e bound is satisfied fon = 0. qu consider the case of
vector field is sufficiently differentiable. This ensurestth |a[1 = = 1. Applying the inequality from Corollary 5, we
the solutions are likewise differentiable. get

B. Bounded Solutions m}ngD;’zk(t, ol

In the following lemma, we give a bound on the derivatives '
of the solution of a nonlinear ordinary differential eqoati < max|| D%yy|| +/ max|| Dy fi(2(s,y))| ds
For reasons which will become clear when consider the k . ok
converse Lyapunov function, we are oin_ged to keep t_he < 1+nL/ w + max||D°z; (z) | ds
form general at the expense of some additional complexity. 0 j
In particular, the bound is a function of
o A prior bound,w, on the solutionz(¢,y) for y € Y,
€ [0,T]. Such bounds are readily obtained even for
unstable systems. Obviously, the tighter the bound,on @1d SO by Gronwall-Bellman,
the better the overall bound. Hence we keep this general
as opposed to giving a bound a-priori.
« A time frame,[0, T.
o The maximum order of the derivative,
o A Lipschitz continuity factor,L.
The result of the lemma is to give a uniform bound on the
derivatives of the solution;, up to orderr.
Lemma 7:Suppose the elements ¢f : R* — R" are Dyzi(t,y) :/o Dy fi(=(s, y))ds

r-times continuously differentiable angD® f(z)|| < L on
[Iz]l < w for any|al; < 7. If z: Rt x R® — R" satisfies and so, using the formula from Corollary 5, we have

t
:1+ant+/ anélXIID“Zk(x)HdS,
0

x||D“zk(t Y| < (1 + tnLw)e™™ < M(T,w,n, L,7)
Which holds forr = 1. Now, we consider the inductive argu-

ment forr > 1. Supposemaxg.q maxy|| D)z (t,y)|lcc <
M(t,w,n,c,r —1) ony € Y. Then we have

%z(t, y) = f(z(t,y)) 2(0,y) =y m]iiX”Dng(tay)H <Tn"B,LM(T,w,n,L,r —1)"

t
o _|_/ nL max|| Dz (s,y)]||ds.
lz(y)| <w forallyeY,tel0,T] i k



Similarly, by Gronwall-Bellman, this implies Furthermore)/ can be chosen as

max|| Dz (¢, <Tn"B,LM(T,w,n,L,r — 1) e T
<Tn"B,LM(T,w,n,L,r—1)" "7 0

= (1+ TnLw)e"" Tn" B, Le™"" x With T = B2 o o e Ry
= : r(r—1)1/i! c3 =1/2.
[] (rn'BiLert ™)=Y ! ,
v It is important to note that the Lyapunov function used here
=2

” will not necessarily be optimal for the purposes of estinmti
= (1 + TnLw)e™tT H (TniBiLenLT)T!/i! the expo_nential rf';lte of decgy_. Th_is is partially dgg to ﬂm fa
i that the integral is over a finite timé), 7']. The finite time
horizon is necessary, however, to construct the smoothness
bounds given in the following Theorem.
| Theorem 9:Suppose thal D* f||o. < L on ||z|| < d for
Although the bounds given in Lemma 7 are complicatedn|; < r, f(0) = 0, and there exists a unique functien:
there is no obvious simplification unless we consider & x R” — R™ such that
special case. Such a simplification must inevitably arieenfr
the choice of the functiorf. In the following sections, the
bounds given for the solution map will be used to determine

=M(T,w,n,L,7).

& 2(ty) = I(t9)

bounds for a converse Lyapunov function.

V. BOUNDS ON THEDERIVATIVE OF A CONVERSE
LYAPUNOV FUNCTION

Z(an) =Y

and
I2(t,9)|l < kllylle™" for all [|ly|| < d

In this section, we examine a classic converse Lyapunav

function given by

T
V(z) = / (s, 2)||%ds,

where z(t, z¢) is the solution ofz(¢, zo) = f(2(t,x0)) for

t > 0, with initial condition z(0,z¢) = . Clearly, the
smoothness properties Bf(x) with respect tac are inherited

from the smoothness properties of the solution mépz).

Therefore, we can give bounds on the derivatives of the max |[D*V (x)| < 2"

solution z(t, z¢) with respect to the initial conditiom, and

for k, \,d > 0. Then there exists constanis ¢z, cs > 0 and
a functionV : R™ — R such that for any|z|| < d,

cillzl* < V(2) < caf|z]? )
VV ()" f(2) < —esllalf®. ®)

Furthermore,

ln 2k2 v ln 2k2
la|i<r 2\ 2\

2
Jkd,n, L, T)

use these results to bound the derivative of the convergs g ||| < d where

Lyapunov function.

A. Converse Lyapunov Functions

The classical Lyapunov function given above can be found

M(Ta w,n, L7 T) - (1+TTLL’LU)8"LTH (TniBiLenLT)T!/i!.
i=2
Proof: Let

in a number of sources. Typical is the following analysis

given in [6].

Theorem 8 (Khalil): Suppose that||0f/0x|s < L,
f£(0) = 0, and there exists a unique function R* x R" —
R™ such that

& 2lty) = F(t9)
Z(Oa 1/) =Y

and
I2(t,9)|l < kllylle™* for all [|ly|| < d

for k, \,d > 0. Then there exist constants, c2, c3 > 0 and
a functionV : R™ — R such that for any|z|| < d,

crllzl* < V(2) < caf|z]?
VV ()" f(2) < —esllalf®.

In 2k2 1_e 2LT k2(1*672>‘T)

with T' = R 5T, , Co = ,and
cs = 1/2. By Theorem 8V satisfies conditions 2 and 3.
Now, by Corollary 4 we have that

max || D%z (s, 2)T 2(s, )| < 2" max | D%z(s,z)||?
o1 <r o1 <r

< 2"n max max || D%z (s, z)|*
lali<r kK

where z; is the k-th component of z.
||zx(s,y)|| < kd, by Lemma 7, we have that

Noting that

ln‘lax Inl?XHDz‘zk(s, Yoo < M (s, kd,n,L,r).
a1 <r :



Therefore, since the functioM (s) is increasing, [10]
max || DV (z)||
lefa<r [11]
T
< / |H\1a§ |D%2(s,2)T 2(s, z)||ds [12]
0 a1ST
T [13]
§/ 2" max || D%%(s, z)||%ds
0 lafi<r
<T2"'nM(T,w,n, L,r) [14]
2 2 2
= 2ern w,kd,n,L,r .
2\ 2 [15]
B e

To conclude this section, we note that the bound given
here may be conservative due to a number of sources. First,
there is a factor of conservatism in Corollary 5. In addition,
there may be conservatism due to our choice of the particular
structure of Lyapunov function. In particular, the bound
grows exponentially with the value @f in the integration.
Converse functions which reduce this value will yield bette
bounds.

The exponential growth with respect1ois due to the the
fact that exponential stability of the solution does not iynp
exponential stability of the derivatives of the solutionn A
interesting question, therefore, is under what conditios t
derivatives of the solution are also stable. Are there elass
of system for which we can prove stability?

VI. CONCLUSION

In this paper, we have presented significant technical re-
sults. The first result is a generalization of the formula @ F
di Bruno to maps fronRR™ to R™. This is a generalization of
the chain rule to higher derivatives and multiple dimension
The second result uses the first result to obtain bounds on
the derivatives of solutions of ordinary differential etjoas
and thereby to obtain bounds on the derivatives of a common
converse Lyapunov function. These bounds are obtained
using a bound on the derivatives of the vector field. Aside
from purely theoretical interest, these bounds can passibl
be used to prove the existence of a polynomial Lyapunov
function with a bound on the degree of the polynomial. Work
on this topic is beyond the scope of this paper.
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