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A Converse Sum of Squares Lyapunov Result

with a Degree Bound

Matthew M. Peet and Antonis Papachristodoulou

Abstract

Sum of Squares programming has been used extensively ovepast decade for the stability
analysis of nonlinear systems but several questions remvamswered. In this paper, we show that
exponential stability of a polynomial vector field on a boaddset implies the existence of a Lyapunov
function which is a sum-of-squares of polynomials. In martr, the main result states that if a system
is exponentially stable on a bounded nonempty set, thew #ndsts an SOS Lyapunov function which
is exponentially decreasing on that bounded set. The psoodmstructive and uses the Picard iteration.
A bound on the degree of this converse Lyapunov function $® given. This result implies that
semidefinite programming can be used to answer the quedtistaluility of a polynomial vector field

with a bound on complexity.

. INTRODUCTION

Computational and numerical algorithms are extensivegdus control theory. A particular
example is semidefinite programming conditions for addingsknear control problems, which
are formulated as Linear Matrix Inequalities (LMIs). Usigsgch tools, several questions on the
analysis and synthesis of linear systems can be formulatddaddressed effectively. In fact,
ever since the 1990s [1], LMIs have had a significant impadha control field, to the point
that once the solution of a control problem has been forradlas the solution to an LMI, it is
considered solved.

When it comes to nonlinear and infinite-dimensional systetims equivalent problems can
be formulated as polynomial non-negativity constraintdarma Lyapunov framework, but these
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are not, at first glance, as easy to solve. Polynomial noathety is in fact NP hard. It is for
this reason that several researchers have looked at ditermests for non-negativity, that are
polynomial-time complex to test, and which imply non-négat One such relaxation is the
existence of a sum of squares decomposition: the abilityptinoze over the set of positive
polynomials using the sum-of-squares relaxation has ustgdly opened up new ways for
addressing nonlinear control problems, in much the same higar Matrix Inequalities are
used to address analysis questions for linear finite-dimeaksystems. However, there remain
several open questions about how these methods can be usedrth for Lyapunov functions
for nonlinear systems. For references on early work on apétion of polynomials, see [2], [3],
and [4]. For more recent work see [5] and [6]. For a recenexgaper, see [7]. Today, there exist
a number of software packages for optimization over paspglynomials, e.g. SOSTOOLS [8]
and GloptiPoly [9].

At the same time, there are still a number of unanswered igmsstegarding the use of sum
of squares as a relaxation to nonnegativity and its use fratialysis of nonlinear systems.
Unanswered questions include, for example, a series otigneson controller synthesis and the
role of duality to convexify this problem, as well as estimgtregions of attraction of equilibria.
On the computation and optimization side, it is unclear Wwlenulti-core computing could be
used for computation, as well as how to take advantage o$ipam semidefinite programming.

In this paper, we do not consider the problem of computing-stisguares Lyapunov func-
tions. Such work can be found in, e.g. [10]-[13]. Instead,c@acentrate on the properties of

the converse Lyapunov functions for systems of the form

where f : R" — R" is polynomial. In particular, we address the question of tWbean exponen-
tially stable nonlinear system will have a sum-of-squargapunov function which establishes
this property. This result adds to our previous work [14]enhwe were able to show that local
stability on a bounded region implies the existence of a egptally decreasing polynomial
Lyapunov function on that set.

Work that is relevant to the one presented here includesurgs®n continuity properties, see

e.g. [15], [16] and [17] and the overview in [18]. Infinitetiifferentiable functions were explored
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in the work [19], [20]. Other innovative results are found2d] and [22]. The books [23] and [24]
treat further converse theorems of Lyapunov. Continuitizy@&punov functions is inherited from
continuity of the solution map with respect to initial cotidin. An excellent treatment of this
problem can be found in the text of Arnol'd [25].

Unlike the work in [14], this paper is closely tied to systetihgory as opposed to approxima-
tion theory. Our method is to take a well-known form of comestyapunov function based on
the solution map. We use the Picard iteration to approxirtteesolution map. The advantage of
this approach is that if the vector field is polynomial, thed?d iteration will also be polynomial.
Furthermore, the Picard iteration inductively retains@sitrall the properties of the solution map.
The result is a new form of iterative converse Lyapunov fiom;tVi. This function is discussed
in Section VI.

The first practical contribution of this paper is give a boumd the number of decision
variables involved in the question of local stability of pabmial vector fields. This is because
SOS functions of bounded degree can be parameterized betlué positive matrices of fixed
size. Furthermore, we note that the question of existen@elgfapunov function with negative
derivative is convex. Therefore, if the question of polymainpositivity on a bounded set is
decidable, we can conclude that the problem of local stghufi polynomial vector fields on that
set is decidable. The further complexity benefit of using S@&punov functions is discussed
in Section VIII.

The main result of the paper is stated and proven in SectianTWé section leading to
Section VI presents a series of lemmas that are used in th&f pfothe main theorem. In
Subsection V we show that the Picard iteration is contraabim a certain metric space; and in
Subsection V-A we propose a new way of extending the Picardtion. In Subsection V-B we
show that the Picard iteration approximately retains tlilerdintiability properties of the solution
map, before we prove the main result. The implications ofrtian result are then explored in
Section VIII and Section VII. A detailed example is given iacBon IX. The paper is concluded

in Section X.

1. MAIN RESULT

Before we begin the technical part of the paper, we give a Igieg version of the main

result.
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Theorem 1:Suppose thaf is polynomial of degreg and that solutions ok = f(x) satisfy
IX(®)[ < K [[x(0)] e

for someA >0, K > 1 and for anyx(0) € M, whereM is a bounded nonempty region of radius

r. Then there existr, 3,y > 0 and a sum-of-squares polynomia(x) such that for ank € M,

allx|* < V(x) < Bx|? 1)

OV(X)Tf(x) < —yllx]2. 2)

Further, the degree &f will be less thang?™k1), wherek is the minimum integer such that

c(k) == 3N (€T +K(TL)X) KATLX < K, and

log 2K2K(T L)k
2A T

A L
2_ N 4 o2tk
c(k)© < KLIogZKZ(l (2K“)™7x).

c(k)? +

(14 (k) (K +c(k)) < %

HereT andN are any numbers chosen such tNat > 'O%AZKZ andT < 2—1|_ whereL is a Lipschitz

bound for f on Bak;.

[1l. SUM-OF-SQUARES

Sum of squares (SOS) methods have been introduced over shelgaade to allow for the
algorithmic solution of problems that frequently arise ystems and control theory, many of
which can be formulated as polynomial non-negativity caists that are however difficult to
solve. In these methods, non-negativity is relaxed to thstemxce of a SOS decomposition,
which can be tested using Semidefinite programming.

Consider, for example, the problem of ensuring that a patyinbp(x) € R[x] satisfiesp(x) > 0.
This problem arises naturally when trying to construct Lyagv functions for the stability
analysis of dynamical systems, which is the topic of thisgpafiince ensuring non-negativity is
hard [26] many researchers have investigated alternatayswo do this. In [27], the existence

of a Sum of Squares decomposition was used for that purpdgehwnvolves the presentation

December 3, 2011 DRAFT



of other polynomialsp;(x) such that

k
px) =Y pi(x)? 3
=1

Algorithms for ensuring this have appeared in the 1990’9 [#8 it was not until the turn of
the century that this was recognized as being solvable (semgidefinite Programming [29]. In
particular, (3) can be shown equivalent to the existence Qf>*a0 and a vector of monomials

Z(x) of degree less than or equal half the degree(©d), such that
P(x) = Z(x)TQZ(x)

In the above representation, the mat@xis not unique, in fact it can be represented as
Q=Qo+H AiQ (4)
|

where Q; satisfy Z(x)TQ;Z(x) = 0. The search foi; such thatQ in (4) is such thaQ = 0 is
a Linear Matrix Inequality, which can be solved using Serfidie Programming. Moreover,
if p(x) has unknown coefficients that enter affinely in the repregem (3), Semidefinite
Programming can be used to find values for them so that thétirgspolynomial is SOS.

This latter observation can allow us searchfor polynomials that satisfy SOS conditions:
the most important example is in the construction of Lyapufumctions, which is the topic of
this paper. For more details, please see [29], [30]. Thetmurethat we address in this paper
is whether Sum of Squares Lyapunov functions always existidcally exponentially stable

systems.

IV. NOTATION AND BACKGROUND

The core concept we use in this paper is the Picard iterathdn.use this to construct an
approximation to the solution map and then use the apprdgis@ution map to construct the
Lyapunov function. Construction of the Lyapunov functiorlwe discussed in more depth later
on. However, at this point we review the Picard iteration:tandard method for proving the
existence of solutions.

Denote the Euclidean ball centered at O of radiusy B;. Consider an ordinary differential
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equation of the form
Xt)=f(xt), x(0)=x, f(0)=0 (5)

wherex € R" and f satisfies appropriate smoothness properties for locaezxds and uniqueness

of solutions. The solution map is a functignwhich satisfies
17}
LX) ="f(etx) and  @0,x)=x.

A. Lyapunov Stability

The use of Lyapunov functions to prove stability of ordinalifferential equations is well-
established. The following theorem illustrates the useyafpunov functions.
Definition 2: We say that the system defined by the equations in (5) are expally stable

on X if there existy,K > 0 such that for anyg € X,
IX(®)[] <K |xo &

for all t > 0.
Theorem 3 (Lyapunov)Suppose there exist constamtsf,y > 0 and a continuously differ-
entiable functiorV such that the following conditions are satisfied forxaf U c R".
a [X[* <V (x) < Bx*

OV(X)Tf(x) < —y|x/?

Then we have exponential stability of System (5){fon: {y:V(y) <V(x)} CU}.

B. Fixed-Point Theorems

Definition 4: Let X be a metric space. A mappirig: X — X is contractivewith coefficient
de[0,1) if
[Fx—Fy[ <d|x=y]  xyeX.

The following is aFixed-PointTheorem.

Theorem 5 (Contraction Mapping Principle [31])Let X be a complete metric space and let
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F : X — X be a contraction with coefficiertt. Then there exists a uniques X such that

Fy=y.

Furthermore, for anyg € X,
|F%—y] < d“lxo -yl

To apply these results to the existence of the solution mapuse the Picard iteration.

V. PICARD ITERATION

We begin by reviewing the Picard iteration.This is the basathematical tool we will use to
define our approximation to the solution map and can be foundany texts, e.g. [32].

Definition 6: For givenT andr, define the complete metric space

X7r = {q(t) L SUReplla®)ll <1, qis continuous} (6)

with norm

lallx = sup lact)ll-

t€[0,T]

For a fixedx € By andq € X7, the Picard Iteration[33], is defined as

t
(PaD) 2 x+ [ f(a(s)ds

In this paper, we also define the Picard iteration iteratinrfumctionsz(t,x) as

(Pz)(x,t)éx+/otf(z(x,s))ds

We begin by showing that for any radiusthere exists & such that the Picard iteration is
contractive onXr o for any x € B;.

Lemma 7:Givenr >0, let T < min{é,%} where f has Lipschitz factol. on By, andQ =
SURep,, f(X). ThenP: Xy o — X7 2r and there exists somg € Xr 2 such that fort € [0,T] and
X € By,

d
g0 =fle®),  ¢0)=x
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and for anyz € X o,
|o—P| < (TL I0-2).

Proof: We first show that fox € By, P: Xt 2r — X 2r. If 0 € X7 2r, then sup.jo 1y [|q(t)[| < 2r
and so
IPallx = sup

x+/
t€[0,T]

<1+ [ If(ats)las

<r+/ sup||f(y)||ds
yEBy

<r+TQ<2r

Thus we conclude thaq < Xr . Furthermore, foigy, g2 € Xt o,

[P —Pcp[lx = sup
t€[0,T]

°
< /O sup || f(au(s)) — F(aa(s))] ds

t€[0,T]

<TL sup ||gi(s) —az(s)|| = TL||a1 — a2]lx
t€[0,T]

[ (f(as) - Fax(s))as

Therefore, by the contraction mapping theorem, the Pidardtion converges ofd), T| with

convergence ratéT L)X, u

A. Picard Extension Convergence Lemma

In this section we propose an extension to the Picard iteratipproximation. We divide
the interval into subintervals on which the Picard itenati® guaranteed to converge. On each
interval, we apply the Picard iteration using the final vabfethe solution estimate from the
previous interval as the initial conditiom, For a polynomial vector field, the result is a piece-
wise polynomial approximation which is guaranteed to cogeeon an arbitrary interval — see
Figure 1 for an illustration.

Definition 8: Suppose that the solution mapexists ont € [0, ] and ||@(t,x)|| < K||x|| for

any x € B;. Suppose that has Lipschitz factoL. on Bsk, and is bounded oBsk, with bound
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1.0 — =
= k=2
0.9' = k=3
= k=4
0.8F == k=5
= True
0.7
0.6
0.5
[0,T] | [T,2T] . [2T,3T]1
2 1 2 2 1 2 1
0.2 04 0.6 0.8 1.0

Fig. 1. The Solution mag and the functlonsGk for k=1,2,3,4,5 andi = 1,2,3 for the systenx(t) = —x(t)3. The interval
of convergence of the Picard IterationTis= 2 3

Q. GivenT < min{Z§", L}, letz=0 and define
Gs(t,X) := (P*2)(t,%)
and fori > 0, define the function&; recursively as
GF1(t,X) == (P*2) (1, GK(T, ).

The GF are Picard iterationB*z(t,x) defined on each sub-interval where we substitute the initial

conditionx — GK , (t,x). Define the concatenation of the€ as
GX(t,x):=GKt—iT,x) V teliT,iT+T] andi=1,---,00

If fis polynomial, then ther are polynomials for ani;k andGX is continuously differentiable
in x for any k. The following lemma provides several properties for thections GX.

Lemma 9:Givend > 0, suppose that the solution meft, x) exists ort € [0, 4] and onx € By.
Further suppose thatlg(t,a,x)|| < K||x|| for any x € B;. Suppose thaf is Lipschitz onBak;
with factorL and bounded with boun@®. ChooseT < min ZKr 1} and integeN > 6/T. Then
let G and GX be defined as above.

Define the function

N—-1

c(k) = % (eTL+K<TL)k)i K2(TL).
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10

For anyk sufficiently large so that(k) < K, then for anyx € By,
sup HGk 5.~ 9(s.X)|| < c(k) ] ()

Proof: Supposex € B;. By assumption, the conditions of Lemma 7 are satisfied using
r' = 2Kr. Let z(t,x) = 0. Define the convergence rae= TL < 1. By Lemma 7,

sup HGO S, X) — go(s,x)‘ = sup H (P*2)(s,X) — (s, H )|l < d* sup [lo(s.x)| < Kd¥||x||.
sc[0,T] sc[0,T] s<[0,T]

Thus Equation (7) is satisfied on the interf@|T]. We proceed by induction. Define
i
Z (e + Kd¥)TK?dX.

and suppose thalG* — ¢||,, < ci_1(K)[|x|| on interval[iT —T,iT]. Then

sup HGk(s,x) st— sup HGk iT,x)—(p(s,x)H
Se[iT,iT+T] C[iT,iT+T]

< sup HP" (s—iT,GK. (T,x))—go(s—iT,GE‘_l(T,x))H
se[iT,iT+T]

+ sup_{|o(s=iT.GI4(T,x)) — p(s—iT. 9T )|
SeliT,iT+T]

We treat these final two terms separately. First note that
|GATx)| < 1elT X)) +{|@T.%) — G4 (T.x) | < KX +6-2(k)
< (K+ci-a(k)) |-
Sinceci_1(k) < c(k) < K andx € By, we have||GK ;(T,x)|| < (K+Kci_1(k)) [[X|| < 2Kr. Hence

sup HPk —|TG (T,x))—go(s—iT,G}ﬂl(T,x))H
Se[iT,iT+T]

< sup_d<(s—iT, Gl (T, )| < K |Gy (T,
SE[iT,iIT+T]

< Kd"(K+ci—1(k)) [|X]] -
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11

Now, if x € By, [|@(s,x)|| < Kr and since||Gf ;(T,x)|| < 2Kr and f is Lipschitz onBu, it
is well-known that
sup | @(s—iT,GK4(T,X)) — 9(s— T, o(iT %)
Se[iT,iT+T]

< sup_ &G (Tx) ~ oliT )| < €™ aoa(k)
se[iT,iT+T]

Combining, we conclude that
sup _{|G(s— 1T, )~ @(s, )| < €"ci-a(K) | + Ke (K + Gi-1(k)
Se[iT,iT+T]

= (6" + Kd)ci—a (k) +KZd) [ = ci (k) [X]
Sinceci(k) < c(k), andd < NT, by induction, we conclude that

5up ([0~ @(s.9] < el

B. Derivative Inequality Lemma

In this critical lemma, we show that the Picard iteration ragpmately retains the differen-
tiability properties of the solution map. The proof is basedinduction, with a key step based
on an approach in [34] (Proof of Thm 4.14). This lemma is theapsed to the extended Picard
iteration introduced in the previous section.

Lemma 10:Suppose that the conditions of Lemma 7 are satisfied. Thearfpx € B, and
anyk>0,

sup
te[0,T]

(TL)*
< I

9 9
I (sz)(t,x)Tf(x)—E(sz)(t,x)

Proof: Begin with the identity fork > 1

(PX2)(t,x) = x+/0t f((P*12)(s,x))ds= x+ /_(: f((P“12)(s+t,x))ds
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Then, by differentiating the right-hand side, we get

%(sz)(t,x) = f((Pk_lz)(O,x))—|—/(:Df((Pk_lz)(s+t,x))T%(PK‘lz)(s-i—t,x)ds

= H(P10)+ [ DF(P12)(5)T 3P 2 (s 0ds

_ f(x)-l-/otDf((Pk_lz)(s,x))T%(Pk_lz)(s,x)ds

and

;—X(sz)(t,x) = +/Ot Df((Pk‘lz)(s,x))T%((Pk‘lz)(s,x)ds

Now define fork > 1,

(%) = 5 (P EXTF) 2 (PF2)(t.%).

For k > 2, we have

(LX) =5 (P2 - 5 (P (LY

- _/Ot Of (P 12)(s, x))T%(Pk‘lz)(s, x)ds

+ [ DH(P R2)50)T 2 (P (5301 (ds

= / tDf((Pk—lz)(s,x))T [i(Pk—lzxs,x)f(x)—E(Pk—lzxs,x) ds
0 oX

s
= [ OH (P (5 X) Ty (50

This means that sincgP*1z)(t,x) € By, by induction

sup ||yk—1(t,X)]|

suply(t)]| <T sup | DF(P2)(t,%))
[0,T] te[0,T]

t€[0,T]

<TL sup [lyk-1(t.x)] < (TL) Y sup [lya(t, )|
te[0,T] te[0,T]

Fork=1, (P2)(t,x) =x, soyi(t) = f(x) and sugy1;[lyr(t)[| < L[[x]|. Thus

TL)k
sup (o)) < T
t€[0,T]

[ -
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We now adapt this lemma to the extended Picard iteration.

Lemma 11:Suppose that the conditions of Lemma 9 are satisfied. Thearfpk € By,

ic;k(t,x>Tf(x) — ﬂc;k(t,x> (TTL>k

sup Jx ot

te[0,T]

<

(K+c(k)) [I]

Proof: Recall that

GX(t,x) :==Gi(t—iT,x) V teliT,iT+T] andi=1,--,c0.

and GK,, (t,X) = PXz(t,GK(T,x)) wherez= 0. Then fort € [iT,iT +T],
H;—)(Gk(t,x)Tf(x) — %Gk(t,x)H = H‘%Gk(t—iT,x)Tf(x) - %Gik(t—iT,x)
— H—%sza —iT,GN(T,x)) +%Pk(t— iT,GK(T,x) " f(x)
k
< T atrx |

As was shown in the proof of Lemma BGK(T,x)|| < (K+ci(k)) [|x||. Thus fort € [iT,iT +T],

0 ~kip T 9 ~k (TL)*
\ G010 = 5G4t | < == (K+6(K) ]
Since thec; are non-decreasing,
0 akip T 9 ~k (TL)
sup ||=——G*(t,x)" f(x) — =G"*(t,x)|| < K+ c(k)) [|x]| .
59 || 0700 - 56 (0] < (K el I

VI. MAIN RESULT - A CONVERSESOS LYAPUNOV FUNCTION

In this section, we combine the previous results in a regfitigtraightforward manner to obtain
a converse Lyapunov function which is also a sum-of-squpodgnomial. Specifically, we use
a standard form of converse Lyapunov function and substibur extended Picard iteration for

the solution map. Consider the system

X(t) = f(x(1),  x(0)=xo (8)
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Theorem 12:Suppose thaf is polynomial of degree and that system (8) is exponentially
stable onM with
IX(®)] <K |[x(0)[ e,

whereM is a bounded nonempty region of radiusThen there existr, 3,y > 0 and a sum-of-

squares polynomia¥ (x) such that for anyk € M,

allx|* < V(x) < Bx|? 9)

V)T (x) < —yIx%. (10)

Further, the degree of will be less thang®?Nk1 | wherek is the minimum integer such that
c(k) <K, and

k
elig?+ 92 TEE (3 o) (K +e(kg) < 2. (11)
(k)2 < W(l— (2K2)~ 7). (12)
wherec(k) is defined as
N—1 i
c(k) = % <eTL+K(T L)k) K2(T L)X, (13)

log 2K 2

HereT andN are any numbers chosen such tNat > =5~ andT < 2—1|_ whereL is a Lipschitz

bound for f on Bak;.

Proof: Define & = 'O%AZKZ andd = TL. We note that since stability implie&(0) =0, f is

bounded on an, with boundQ = Lr. Thus forByx,, we useQ = 2Kr sincez—gr > 2K = &,

the conditions of Lemmas 7 and 9 are satisfied.By Lemma 7, iteadPiteration converges on
[0, T] for any x € By, with rated®. DefineGK as in Lemma 9. By Lemma 9, K is defined as

above,

GX(s,x) — @(s,%)|| < c(k) [|@(s,x)|| on s€ [0,5] andx € B;. We propose the following
Lyapunov functions, indexed b

Vi(X) = /06 GX(s,x)TG¥(s,x)ds

We will show that for anyk which satisfies Inequalities (11), (12) and (13), then if vedirte
V(x) = W(X), we have thal satisfies the Lyapunov Inequalities (9) and (10) and hasegegr
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less thang?Nk=1) . The proof is divided into four parts:
a) Upper and Lower Boundedto prove that is a valid Lyapunov function, first consider
upper boundedness. xfc B ands e [0,d]. Then
2 2
HGk(s,x)H = H(p(s,x) + [Gk(s,x)T - (p(s,x)] H
< o)+ [6s0) — a(s ] |

As per Lemma 9,

GX(s,%) — @(sX)|| < (k) (s, %) < Kc(k) [[x|. From stability we have
|@(s,x)|| < K]|x||. Hence,

Vie(X) = /05 HG"(S,X)Hstg K2 (1+c(k)?) [Ix]2.

Therefore the upper boundedness condition is satisfiechfok & 0 with 3 = 6K?(1+¢(k)?) > 0.
Next we consider the strict positivity condition. First wete
2 K K 2
lo(sX)I? = |[6(s.) + [9(s.0) - GX(s.¥)]|

< HGk(s,x)H2+ qu(s,x) —Gk(s,x)H2

which implies
|&0]|" = ot 012~ s 0 G x|

By Lipschitz continuity off, ||¢(s,x)||* > e 25||x||? and
|G*(s,x) — @(s,%)|| < Ke(k) ||x]|. Thus

Vi(X) = /06 HGk(s,x)szsz (2—1L(1—e2'-5) _ 6Kc(k)2) IX]2.

Therefore foik as defined previously (1—e2-9) — 5Kc(k)2 > 0 and so the positivity condition
holds for somex > 0.

b) Negativity of the DerivativeNext, we prove the derivative condition. Recall

5 t+5
Vie(X) ::/ Gk(s,x)TGk(s,x)ds:/ GX(s—t,x)TGX(s—t,x)ds
0 t
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then sincelV (x(t))T f(x(t)) = %V(x(t)), we have by the Leibnitz rule for differentiation of

integrals,

W) = [64(6.x(1)T6(E.x(1)] - [6(0.x(0) "B 0.x(1)

_/tt+62(3k(s—t,X(t))T%Gk(S—t,X(t))ds+/tH(SZGk(S_t’X(t)) J —GX(s—t,x(t)) f(x(t))ds

02

o
= e x || = Ix P+ [ 26K x)T [jzek<s () F(X(0) ~ 2. G (s x(1)) | ds

Where -f denotes partial differentiation df with respect to itsth variable. As per Lemma 11,

we have
H K 0 i dk
9 GH(Lx() T (x(D) — KL >>H < LK+ clio) )
and as previously noteiG¥(3, x(t H < (K2e=2 (571 4 ¢(K)2) |[x(t) ). Also,

[GX(s,x(1))]] < K(L+¢(K)) [IX(t)]|. We conclude
k

%Vk< X(t)) < (K2 2% 4 c(k)?) x(1)]1* - HX(t)I|2+25d7K(1+C(k))(K + (k) Ix(t)]1*

k

< (Kze”‘5 +c(k)2—1+ 26Kd?(1+ c(K)) (K + c(k))) ()|

Therefore, we have strict negativity of the derivative sinc

K2e*2)‘5+c(k)2+26d—k(1+ c(k)) (K +c(k))

K log 2K 2 dk

= +c(k)?+2 T

—(14c(k))(K+ck) <1

Thus SVi(x(t)) < —y||x(t)||? for somey > 0.
c) Sum of SquaresSince f is polynomial andz is trivially polynomial, (P¥z)(s,x) is a
polynomial in x and s. Therefore,Vk(x) is a polynomial for anyk > 0. To show thatV is

sum-of-squares, we first rewrite the function

- i/TITT [Gik(s— iT,x)TGK(s— iT,x)] ds

SinceGkz is a polynomial in all of its argument&K(s—iT,x)"GK(s—iT,x) is sum-of-squares.

It can therefore be represented Bgx)"Zi(s)"Z(s)R(x) for some polynomial vectoR; and
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matrix of monomial bases;. Then

N iT
:_;a(x)T/iTTZ() (s)dSR(x ZR

WhereM; = iiTT_T Zi(s)"Zi(s)ds> 0 is a constant matrix. This proves th4tis sum-of-squares
since it is a sum of sums-of-squares.

We conclude thaV =V satisfies the conditions of the theorem for daywhich satisfies
Inequalities 11, (12) and (13).

d) Degree BoundGiven ak which satisfies the inequality conditions ofk), we consider
the resulting degree of¥, and hence, o¥. If f is a polynomial of degree, andy is a
polynomial of degreal in x, then Py will be a polynomial of degree mds,dq} in x. Thus
sincez= 0, the degree oP*z will be g¢X. If N > 1, then the degree @ will be gNk~1. Thus
the maximum degree of the Lyapunov function b,
[

In the proof of Theorem 12, the integration intervalwas chosen such that the conditions
will always be feasible for somk > 0. However, this choice may not be optimal. Numerical
experimentation has shown us that a better degree bound maybtained by varying this
parameter in the proof. However, the given value is one whiehhave found to work well in
the vast majority of cases.

We conclude this section by commenting on the form of the ems® Lyapunov function,
5
Vie(X) ::/ GX(s,x)TGX(s,x)ds
0

Our Lyapunov function is defined using an approximation efgblution map. A dual approach to
solution of the Hamilton-Jacobi-Bellmand Equation wastak [35] using occupation measures
instead of Picard iteration. Indeed, the dual space of the 8liSquares Lyapunov functions
can be understood in terms of moments of such occupationure=ag36].

As a final note, the proof of Theorem 12 also holds for timeswvay systems. Indeed the
original proof was for this case. However, because Sumepfa&s is rarely used for time-

varying systems, the result has been simplified to improagtglof presentation.
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A. Numerical lllustration

To illustrate the degree bound and hence the complexity afyaing a nonlinear system,
we plot the degree bound versus the exponential convergateef the the system. For given
parameters, this bound is obtained by numerically seagcfonthe smallesk which satisfies
the conditions of Theorem 12. The convergence rate pararatebe viewed as a metric for
the accuracy of the sum-of-squares approach: suppose veeahdegree bound as a function
of convergence rate](y). If it is not possible to find a sum-of-squares Lyapunov fiorctof
degreed(y) proving stability, then we know that the convergence ratehef system must be
less thany.

As can be seen, as the convergence rate increases, the degnekdecreases super-exponentially,
so that aty = 2.4, only a quadratic Lyapunov function is required to prowebsity. For cases
where high accuracy is required, the degree bound increpsgekly; scaling approximately as
e%. To reduce the complexity of the problem, in come cases lessearvative bounds on the
degree can be found by considering the monomial terms inebtowfield. If the complexity is
still unacceptably high, then one can consider the use d@llphcomputing: unlike single-core
processing, parallel computing power continues to inaeagponentially. For a discussion on

using parallel computing to solve polynomial optimizatimmoblems, we refer to [37].

VIlI. QUADRATIC LYAPUNOV FUNCTIONS

In this section, we briefly explore the implications of ousult for the existence of quadratic
Lyapunov functions proving exponential stability of nordar systems. Specifically, we look
at when the theorem predicts the existence of a degree bduRdlo fact, by examining the
proof, we see that if the system satisfies the conditions @bfdm 12, the (x) = x" x will be
sufficient to establish stability. Since this is perhapsmiest commonly used form of Lyapunov

function, it is worth considering how conservative it is, evhapplied to nonlinear systems

The degree bound in Theorem 12 g1, whereN is the number of Picard iterationk,
is the number of extensions amdis the degree of the polynomial vector fieltl, A quadratic
Lyapunov function will exist when we have a single iterateomd a single extension. Note that

when the vector field is lineag = 1, which implies that the Lyapunov function is quadratic
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Degree Bound

10 1 1 1
0.05 0.1 0.2 0.3 04 05 0.6 0.7
Exponential Decay Rate
3

Degree Bound

=
Q
T

10 L L L L L
7 1 2 3 4 5

Exponential Decay Rate

Fig. 2. Degree bound vs. Exponential Convergence Rat& forl.2,r =L =1, q=>5. DomainsA < .7 andA > .7 are plotted
separately for clarity.

regardless of the number of iterations and extensions. Menva the linear case, the Lyapunov
function will not necessarily have the formd x. In the following theorem we give sufficient
conditions on the vector field and decay rate for the Lyapufooetionx' x to prove exponential
stability.

Corollary 1: Suppose that system (8) is exponentially stable with

IX(®)] < K [Ix(0)]| e
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for someA >0, K > 1 and for anyx(0) € M, whereM is a bounded nonempty region of radius
r. Let L be a Lipschitz bound foff on Bak,;. Suppose that there exists sorje> 0 > 0 such
that

K2e 29 4+ 2 4+ 2KSL(1+¢1)(K+c1) <1

andKoL < 1, wherec; = K?5L. Let V(x) = x"x. Then for anyx € M,
V(x) = Ox" f(x) < —BIx|?.

for some > 0.

Proof: We reconsider the proof of Theorem 12. This time, weNetk=1 andT = d and
determine if there existsa=T < 2—1|_ which satisfies the upper-boundedness, lower-boundedness
and derivative conditions. Becaus&x) = &x' x, the upper and lower boundedness conditions

are immediately satisfied. The derivative negativity ctindiis
K% 4% 4 ¢(1)?+2KSL(1+¢(1))(K+¢(1)) < 1

wherec(1) = c; = K?4L. This is satisfied by the statement of the theorem. [ |
Note that neither the size of the region we consider nor tlggedeof the vector field plays
any role in determining the degree bound. To illustrate tveddions for existence of a quadratic
Lyapunov function, we plot the required decay rate vs. thpstlitz continuity factor in Figure 3
for K =1.2. This plot shows that as the Lipschitz continuity of thetwedield increases (and
the field becomes less smooth), the conservatism of usinguhdratic Lyapunov functior’ x

increases.

VIII. | MPLICATIONS FOR SUM-OF-SQUARES PROGRAMMING

In this section we consider the implications that the ab@sailts have on Sum of Squares

programming.

A. Bounding the number of variables

Because the set of continuously differentiable functiomsamn infinite-dimensional vector

space, the general problem of finding a Lyapunov functiomignéinite-dimensional feasibility
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Decay Rate Required for a Quadratic Lyapunov Function
5 T T T T T T T T

45+ *

35 -

251 -

Exponential Decay Rate

15- *

0.5 *

0 1 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Lipschitz Factor

Fig. 3. Required decay rate for a quadratic Lyapunov functis. Lipschitz bound foK = 1.2

problem. However, the set of sum-of-squares Lyapunov fanstwith bounded degree is finite-
dimensional. The most significant implication of our theorées a bound on the number of
variables in the problem of determining stability of a naekr vector field. The nonlinear
stability problem can now be expressed as an feasibilitplpro of the following form.

Theorem 13:For a givenA, let 2d be the degree bound associated with Theorem 12 and
defineN = % If System (8) is exponentially stable &t with decay rateA or greater, the

following is feasible for somex, 3,y > 0.
Find: Pe SN :
P>0
a|x|2<z(x)TPZ(x) < B|Ix|?  forallxeM
0(ZXTPZ(x)" f(x) < —y|Ix|>  for all xe M
whereZ(x) be the vector of monomials ir of degreed or less.

Proof: The proof follows immediately from the fact that a polynohNa of degree @ is
SOS if and only if there exists B> 0 such tha/(x) = Z(x)"PZ(x). |
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Our condition bounds the number of variables in the feasihilroblem associated with Theo-
rem 13. IfM is semialgebraic, then the conditions in Theorem 13 can f&reed using sum-
of-squares and the Positivstellensatz [38]. The complexitsolving the optimization problem
will depend on the complexity of the Positivstellensatz.téspositivity on a semialgebraic set
is decidable, as indicated in [39], this implies the questd local stability is decidable.

B. Local Positivity

Another implication of our result is that it reduces the cdemjgy of enforcing the positivity
constraint. As discussed in Section Ill, semidefinite paogming is used to optimize over the
cone of sums-of-squares of polynomials. There are sevéfataht ways the stability conditions
can be enforced. For example, we have the following theorem.

Theorem 14:Suppose there exist polynomMland sum-of-squares polynomias s,,s3 and

s4 such that the following conditions are satisfied tory > 0.

V(%) — a|x||* = 513 +9(X)%2(%)

~OV(9)T () — yIIXI2 = s3(3) + g (X

Then we have exponential stability of System (8){fon: {y:V(y) <V(x)} CU}.

The complexity of the conditions associated with Theorenisldetermined by the four sum-
of-squares variables. Theorem 14 uses the Positivstellensatz multipleerand s4 to ensure
that the Lyapunov function need only be positive and deangas the regiorX = {x: g(x) > 0}.
However, as we now know that the Lyapunov function can berasduSOS, we can eliminate
the multipliers,, reducing complexity of the problem.

Theorem 15:Suppose there exist polynomidl and sum-of-squares polynomias, s, and

s3 such that the following conditions are satisfied tory > 0.

V(x)—a|x]* = si1(%)

—OV ) +alX|?)T ) = yIIXI* = s2(x) +g(x)s3(X)

Then we have exponential stability of System (8) for &) such that{y:V(y) <V(x(0))} c X
whereX := {x: g(x) > 0}.
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This simplification reduces the size of the SOS variables 5% Afrom 4 to 3). If the
semialgebraic seX is defined using several polynomials (e.g. a hypercubei the reduction
in the number of variables can approach 50% . SDP solversypieatly of complexityO(n®),
wheren is the dimension of the symmetric matrix variable. In the\sdbexample we reduced
n=4N to n= 3N. Thus this simplification can potentially decrease comimraby a factor of
82%.

IX. NUMERICAL EXAMPLE

In this section, we use the Van-der-Pol oscillator to itast how the degree bound influences
the accuracy of the stability test. The zero equilibriumnpmf the Van-der-Pol oscillator is
unstable. In reverse-time, however, this equilibrium &bkt with a domain of attraction bounded

by the well-known forward-time limit-cycle. The reversgee dynamics are as follows.

X (t) = —xo(t)

%o(t) = —p(1—xa(t)*)xa(t) +xa(t)

For simplicity, we choosgu = 1. On a ball of radiug, the Lipschitz constant can be found
from L =sup.g ||Df(X)|/, where]|-|| is the maximum singular value norm. We find a Lipschitz
constant for the Van-der-Pol oscillator on radius 1 to be 21. Numerical simulations indicate
K = 1, as illustrated in Figure 4. Given these parameters, tigeedebound plot is illustrated
in Figure 5. Note that the choice &f = 1 dramatically improves the degree bound. Numerical
simulation shows the decay rate to be a relatively constant.542 throughout the unit ball.
This is illustrated in Figure 6. This gives us an estimatehef degree bound as= 6.

To find the converse Lyapunov function associated with tieigree bound we construct the

Picard iteration.
t
(P2)(t,x) = x+/ £(0)ds= x.
0

(P22)(t, %) = x+/0t f(PAs x))ds
=X+ Ot f(x)ds

= x+ f(x)t
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Exponential Decay Rate

Fig. 4. We estimat& = 1 for the Van-der-Pol oscillator Fig. 5. Degree Bound for the Van-der-Pol Oscillator as a
Function of Decay Rate
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107}

107
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10°

Fig. 6. A semi-log plot of||x|| for three trajectories. We estimate= .542 for the Van-der-Pol oscillator

The converse Lyapunov function is
5
V()= [ (Pas X)) (PP2(s))ds
0

_ /06(x+ (09T (x+ f(x)s)ds
5 T T

_/x I[Il]xds_X/élsldsx
"D il sl St | o |st £(x)

.
X 5 6%/2 X

fx)| |82/21 8%/31| | f(x)
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If =T =4 = 1, for the Van-der-Pol Oscillator, we get the SOS Lyapunoxcfiam.

I

T T 2
X 48 o6l X X 6.93 2.45 X
192-V(x) = =
f(x) 6l | f(x) f(x) 245 | f(x)
T
|6.93+245f(x)| |6.93+2.45f (x)
2.45x+ f(x) 2.45x+ f(x)

— (6,93 — 2.45%,)% + (2.45(xq + X2X2) + 4.48%,) " + (2,45 — X)? + (X1 + XXz + 1.45%,)

As per the previous discussion, we use SOSTOOLS to verify ttiia Lyapunov function
proves stability. Note that we must show the function is dasing on the ball of radius= .25,
as the Lipschitz bound used in the theorem is for the ball diusaB,. We are able to verify
that the Lyapunov function is decreasing on the ball of radis- .25. Some level sets of this
Lyapunov function are illustrated in Figure 7. Through expentation, we find that when we
increase the ball to radius= 1, the Lyapunov function is no longer decreasing. We alsmdou
that the quadratic Lyapunov functidgf(x) = x"x is not decreasing on the ball of radius- .25.
Although we believe that our degree bound is somewhat ceates, these results indicate the

conservatism is not excessive.

0.8

0.4

0.2

Fig. 7. Level Sets of the converse Lyapunov function, withi Ba Fig. 8. Best Invariant Region vs. Degree Bound with Limit
of radiusr = .25 Cycle
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To explore the limits of the SOS approach, for degree bound] &, 8 and 10, we find the
maximum unit ball on which we are able to find a sum-of-squasegpunov function. We then
use the largest sublevel set of this Lyapunov function onctvitihe trajectories decrease as an
estimate for the domain of attraction of the system. Thegel lgets are illustrated in Figure 8.

We see that as the degree bound increases, our estimate ddriteen of attraction improves.

X. CONCLUSION

In this paper, we have used the Picard iteration to constm@pproximation to the solution
map on arbitrarily long intervals. We have used this appration to prove that local exponential
stability of a polynomial vector field implies the existenaka Lyapunov function which is a
sum-of-squares of polynomials with a bound on the degreés ifhplies that the question of
local stability may be decidable. Furthermore, the coreréssapunov function we have used in
this paper is relatively easy to construct given the vecwd fand may find applications in other
areas of control. The main result also holds for time-vayysgstems.

Recently, there has been interest in using semidefinitergnoging for the analysis on
nonlinear systems using sum-of-squares. This paper elaggveral questions on the application
of this method. We now know that local stability implies thastence of an SOS Lyapunov
function and how complex this function may be. It has beeremdg shown thatglobally
asymptotically stable vector fields do not always admit afraquares Lyapunov functions [40].
Still unresolved is the question of the existence of polyr@brayapunov functions for stability

of globally exponentiallystable vector fields.
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