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Sum of squares for sampled-data systems

Alexandre Seuret and Matthew M. Peet

Abstract

This article proposes a new approach to stability analyfdis@ar systems with sampled-data inputs.
The method, based on a variation of the discrete-time Lyapapproach, provides stability conditions
using functional variables subject to convex constraifitese stability conditions can be solved using
the sum of squares methodology with little or no conserwafis both the case of synchronous and

asynchronous sampling. Numerical examples are includethd@ convergence.

Index Terms

Sampled-Data systems, Lyapunov function, Sum of squares.

. INTRODUCTION

In recent years, much attention has been paid to Networkedr@dystems (NCS) (see [1],
[2]). These systems contain several distributed planthviare connected through a commu-
nication network. In such applications, a heavy temporaadlof computation on a processor
can corrupt the sampling period of a controller. On the o#ide, the sampling period can be
included in the design in order to avoid this load. In bothesaghe variations of the sampling
period will affect the stability properties of the systermather phenomenon, which has been
widely investigated concerns stability under packet Iess® wireless networks, a transmission
of data packets is not always guaranteed. The objective guavantee stability even if some
packets are lost in the communication. It is thus an impornssue to develop robust stability

conditions with respect to the variations of sampling perio
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Sampled-data systems have extensively been studied iiteraure [3]-[7] and the references
therein. It is now reasonable to design controllers whicargatee the robustness of the solutions
of the closed-loop system under periodic samplings. Howa@vethe case of asynchronous
sampling, there are still several open problems. For exanipk practical situation where the
difference between two successive sampling instants i€omgtant but time-varying. Recently,
several articles have addressed the problem of time-vguperiods based on a discrete-time
approach, [8]-[10]. Recent papers have considered the Imgdef continuous-time systems
with sampled-data control in the form of continuous-timsteyns with delayed control input.
In [4], a Lyapunov-Krasovskii approach was introduced. layements were provided in [5],
[11], using the small gain theorem, and in [12], based on tha&ysis of impulsive systems.
These approaches dealt with time-varying sampling perasdsvell as with uncertain systems
(see [4] and [12]). Nevertheless, these sufficient conastiare still conservative. This means
that the sufficient conditions obtained by continuous tirppraaches are not able to guarantee
asymptotic stability whereas the system is stable. RecesaVeral authors [13]-[15] refined
those approaches and obtained tighter conditions.

The key insight of this paper is that once we have developedigtrete-continuous Lyapunov
conditions sufficient for stability, then these conditiazen be verified computationally using
recently developed algorithms for the optimization of padgnial functions. In particular, we use
the machinery developed in [16] to reformulate the stabiliiestion as a convex optimization
problem with polynomial variables. We then use the softwmrekage SOSTOOLS [17] to solve
the optimization problem. As can be seen in the numericaimgkas, the result is a sequence
of stability tests of increasing accuracy. Furthermoreth@ numerical examples, the accuracy
of the stability test approaches the analytical limit exgutrally fast as a complexity of the
algorithm increases.

This article is based on a Lyapunov approach introduced &}. [This result is based on
the discrete-time Lyapunov theorem and expressed withdh&ruous-time model of sampled-
data systems. More precisely, this article analyzes thelgtween the discrete-time Lyapunov
theorem employed, for instance in [8]-[10], and the cordimstime approach proposed in [4],
[12], [13], [15]. Asymptotic stability criteria are provedl for both synchronous and asynchronous
samplings. Those criteria were expressed in terms of lingrix inequalities. The main con-

tribution of this paper is the use of sum of squares tools twvide larger upper-bounds of
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the maximum allowable sampling period than the existingsoffiased on the continuous-time
modeling).
This article is organized as follows. The next section fdates the problem. Section 3 presents
a result on asymptotic stability of sampled-data systenesti@ 4 presents several theorems
on asymptotic stability of sampled-data systems expresseerms of sum of squares. Some
examples and simulations are provided in Section 6 and shevefficiency of the method.
Notation : Throughout the article, the sek§ R™, R", R™" andS" denote respectively the
set of natural numbers, nonnegative real numbers, the setlshensional real-valued vectors,
the set ofn x n real valued matrices and the subspaceR8f" of symmetric matrices. The
superscript T’ stands for the matrix transposition. The notatiBn> 0 for P € S" means that
P is positive definite. The symbols and 0 represent the identity and the zero matrices of

appropriate dimension.

[I. PROBLEM FORMULATION

Consider the following sampled-data system
Wt € [t tirn),  X(t) = AX(t) + Bu(t), (1)

wherex € R" andu € R™ represent the state and the input vectors. Define the sagniahires
{tc}ken tO be an increasing sequence of positive scalars such thai[tk, tkr1) = [0, + ).
Suppose that the sampling intervalg, are bounded so that there exist positive scalars< .7
such that

Tk i=t1—tk € [71, F2],quadvk € N. (2)

The sequencéty}ken represents the sampling instants of the controller. TheiceatA and B
are constant, known, and of appropriate dimension. Ther@lolalw is chosen to be linear state
feedback,

u=Kx 3)

with a gainK € R™", Then the closed-loop system is governed by

X(t) = AX(t) + BKX(ty) Wt € [t, tki1). 4)
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The differential equation (4) with the control law (3) can ibgegrated over a sampling period.

If we definexy :=X(tx) and the function
S
Vse [0, %), T(s)= [e“%/ eA(SQ)dGBK] :
0
we have the following discrete-time system

Xer1 =T (Tk) %, (5)

wherex(t) = I (t —tx)xk for t € [tx, tkr1]-
Notation: Taking a cue from time-delay systems theory, we denote tgmeet of solution

ont € [ty,tkr1] by Xrk, So that
xtk(S) = (s)X(tk) for se [0, Ty].

We use#™" to denote the space of continuous maps fi@n.Z;] — R", where recall% is
the upper-bound on thg,.

If the sampling periodT, is constant, the discrete dynamics becatag = I'(T)xk, where
T is the sampling period. A simple method to check the stgbdit the system is to ensure
that(T) has all eigenvalues inside the unit circle. If the samplieggd is time-varying, then
we must verify that” (Tx) has eigenvalues inside the unit circle for &lle |71, 2] which is
an infinite dimensional problem. Verifying such infinitesténsional conditions is difficult. If
the system is uncertain, the difficulty increases. Howeseveral authors have investigated this
approach to stability analysis [8], [9], [19].

Based on the observation that sampled-data systems areialsese of time-delay systems
with time-varying delay, many authors treat sampled-dgttesns in a manner similar to time-
delay systems and use similar approaches to the questiotalmfity. For example, sufficient
conditions for stability of sampled-data systems basedwlerived in [4] by analyzing stability
of a class of systems with time-varying delay. However, ¢hesults were somewhat conservative
in that they did not account for the unique structure of theatimn in delay in a sampled-data
system. In [12], the authors introduce a new type of Lyapukmsovskii functional which
depends more explicitly on the delay function. In particutbey use the fact the =1 in their
formulation. This led to improvement in the accuracy of thebgity conditions. In the present

article , we take a different approach which does not modelibid as a delay, but rather uses
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a new type of sampled-data Lyapunov Theorem introduced &h g§hd inspired by [16]. The

conditions are enforced using sum-of-squares optimizatio

I1l. ASYMPTOTIC STABILITY OF SAMPLED-DATA SYSTEMS
A. Main theorem

In this section we introduce a new Lyapunov theorem whichliapfgo general nonlinear
sampled-data systems. This theorem accounts for the atitemdetween continuous and discrete
element of a sampled-data system. A version of this resust waoduced in [18] and was
partially inspired by the concept of spacing functionsadtrced in [16]. Essentially, the theorem
says that if there exists a Lyapunov function which has a merehse over every sampling
interval, then there exists a storage function which is iomoiusly decreasing for all time.

Consider the following system.
X(t) = f(x(t),x(t)), tetetr1], k=1,...,00. (6)

We assume global existence and continuity of solutions.
Theorem 1: [18] For given positive scalars; < %, supposeV : R" — R satisfies the

following for g > pp >0 andp >0
mxP <V(X) < tofxP,  for all xe R™ (7)

Assume that the sampling interval, satisfies (2), then two following statements are equitalen

0] If xis a solution of Equation (6), then
V(X(tkr1)) =V (X(tk)) < O, for all k> 0.

(i)  There exist continuous functionatd, : R x 2" — R, differentiable oveifty ty, 1) which

satisfy the following
Qk(Tk,2) = Qk(0,2), forall k>0 andze 7, (8)

and such that ik is a solution of Equation (6), then

VW) +Qult—toxrd] <0, for all € [ ©)

Moreover, if either of these statements is satisfied, thanieas of system (6) are asymptotically

stable.
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Proof: Assume(ii) is satisfied. Define the storage function
W(t) = [V (x(t)) + Qu(t —ti, X)) -

Then 3W(t) < 0 for t € [ty t.1] and

i1 d
V(X(tgs1)) =V (X(tk)) :/t d_SV(X<S))dS
k
i1 d
= \ d—SV(x(s))ds—i— Qx(Tk, XTk) — Qk(0, %K)
k
ticr1 dV g %1 d t q
- [ @i+ /m Q5 xr)ds
ti1 dW d 0
=), @ (s)ds < O.

Hence(i) is satisfied.
Now assume€i) is satisfied. Define, for all functiornse .7,
s

Qk(s2):=-V(z(9) + T (V(z(Tk)) —V(2(0)))-

Then the functional satisfies
(0,2 =-V(z(0)) and Q(Tk,2) =-V(z(Tk)~+(V(«(Tk)—V(z0))) = -V (z0)).

Consequently, this leads @Qk(Tk,z) = Qk(0,2) which ensures that condition (8) is satisfied.

Furthermore, by considering=t —ty andz= X,

FVXO) + Qt —ti X)) = § [V(X(t)) —V (xr(t —ti)) + T (V (xri(Tk)) —V(XTk(O)))]
= & V(1) =V (X(0) + 5 (V (X(ter)) =V X(8)) |
= [ (Vv (X(tr) -V (X(8))
= # (V{x(t1) ~ V(x(1)) < O.

(10)
This proves the equivalence betweghand (ii).

Now, from the discrete-time Lyapunov theorem, we have ligx(tx) = 0. To show lim_,« X(t),
we note that by assumption of the existence and continuitgodiitions, the solution map is
continuous and thus bounded on the inteff@al%]|. Therefore liM_c||XTk||cc — O Where||-||c
is the supremum norm. We conclude that;lim x(t). [ ]

There are several articles in the literature which useedlapproaches (see for instance [12],

[13]). Typically, however, these results are expressed aasstipity of a Lyapunov-KrasovskKii
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functional which is positive definite. In the above resutispivity is relaxed through the use of
the spacing functionaD.

The following sections show how the conditions of Theoremah be enforced using sum-
of-squares optimization for asymptotic and exponentiabisity in both the synchronous and

asynchronous case. This is similar to the approach takeh6j [

B. Sability under synchronous sampling

Recall the sampled-data system.
X(t) = AX(t) + BKX(ty), for t € ty,tx+ Ty|, k> 0. (11

The following theorem gives conditions for stability. Thenditions of the theorem can be
enforced using sum-of-squares, as will be described shortl

Theorem 2: Consider system (11) with=T for T > 0. If there exisP € S" and a polynomial
matrix, M : [0, T] — S?", of degreeN, such that

In
} =0, M(T)=0, (12)

and such that for alt € [0, T], the following inequality holds
T T
0 (BK)T 0
Yr)y=| |P P
|n AT |n

T
(BK)T _ 0 0

+ +M(1)+M(1) +
Then the closed loop system is asymptotically stable for ¢bestant sampling period.

T
0 0
M(T) <O.
BK A

AT BK A

Moreover the condition
MMPH(M)—P<0

is satisfied for this givef .
Proof. Consider the classical quadratic Lyapunov function foedincontinuous-time sys-
tems. DefineV : R" — R* asV(x) = X' Px, where P > 0 is in S. This functionV satisfies

condition (7) from Theorem 1. Now define the following fumctifor alls€ [0, T] andze€ ¢
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First, from (12), we note that

{zm) [z(O)] H m]
Q(0,2) = M(0) =2(0)7 M(0) z(0)=0
z(0) z(0) In I
Furthermore,
{z@] ' [z@]
Q(T,2) = M(T) =0.
Z(T) Z(T)

Therefore, we hav€(T,z) = Q(0,z) =0 and hence condition (8) is satisfied.

Computing the derivative term (9), we get

.
0 0
SV +Qt—ti,x)] = & | XO)TPx(t) + 70 )] M(t—tk){ xrk(0) ”

| XTk(t =t xTk(t —t)

X(ty ] ! 0 O [X(tk)] X(tk)] |:X(tk)]
+2 M(t —t) + M(t —ty)
xt)| |BK A X(t) X(t) X(t)
|:X(tk) ' -X(tk>:|
= WYt —ty) ,
X(t) | X(t)

for all t € [tx,tx+ T]. Thus by inequality (13), we hav§ V(x(t)) + Q(t —ty,xTk)] < O for all
t € [tk,tx+ T]. By virtue of Theorem 1, then, the closed loop system is asgtigally stable for

the constant sampling period [ |
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We emphasize that Theorem 2 only guarantees the stabilitheofolutions of system (11)
for a fixed sampling periodl. By virtue of Theorem 1, the previous theorem also ensuras th

V(I(T)x(tk)) —V(x(t)) <0, for all x(tx) € R", which corresponds to the inequality:
rM(T)PM(T)-P<O0.

for a givenT. As mentioned in the introduction, the stability of samptiada systems with a
constant sampling period can also be verified numericallghmcking if the eigenvalues of the
matrix ['(T) are lie within the unit circle. However, this method failstife system matrices
(A,B) are uncertain. For example, if matrices, B) lie in a polytope, it is difficult to investigate
the eigenvalues of the matrix(T). By contrast, in Theorem 2, the stability condition lingarl
depends on the matrices and B. Therefore, it is relatively simple to to extend the prewdou
results to the case of systems with polytopic uncertainkys Ts a significant advantage of the
proposed methodology.

Another remark concerns the choice of the functio@ahtroduced in Theorem 2. Note that,
from the proof of Theorem 2, the conditidH(7) < O for all T in [0, T] is equivalent to the
negativity of the derivative of the functiow(t) =V (x(t)) + Q(t — tx, xtk). This is not the case

in [13] or [18] which can be interpreted as using an integeait of the form

Gt —toxcr) = (s —t) [ KT (IRK(S)ds,

t
so thatW =V + Q+ Q. Although this term has an important role in reducing theseowatism of

the stability conditions in [13] and [18], it unavoidablyalds to the use of the Jensen inequality
to compute an upper bound of the derivativeVéf This inequality introduces conservatism in
the stability criteria. In the present paper, this term igegessary, yielding an exact condition
for the derivative oV + Q. This implies that the stability criterion from Theorem 3osid be
less conservative then the ones from [13] or [18]. The coadism of the previous Theorem 2

only depends on the degred, of the polynomial matrixvi.

C. Asynchronous sampling

The case of asynchronous sampling, wh&es unknown but bounded in some range, is
clearly more realistic than the synchronous case in a n&edocontrol scenario. However, the
stability conditions for this case are not significantly ema@omplex than for the synchronous

case. We simply allow the functioM to vary with the sampling periodi.
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Theorem 3: Consider system (6). For given<0.71 < 7, < oo, if there existP € S", positive

definite and a bi-polynomial matrid : [0, %] x [Z1, Z5] — S? such that for alll € [Z1, ),
T

1 M(0,T) [In
I, I,

and such that for ak € [0, T], the following inequality holds
T

_ 0 (BK)T (BK)T
W(r,T) = P - P
]

T

0 0O _

+ M(s,T) <O0.
BK A

P> 0, =0, M(T,T)=0, (14)

T

o] _
+ =M(sT)
In
(15)

glo

_ 0 O
+M(s,T)
BK A

Then if Ty € 71, Z3| for all k > 0, the closed loop system is asymptotically stable. Moreove
the condition
F(TPM(T)—P<0

is satisfied for allT € [71, 23]

Proof: The proof is a trivial extension of Theorem 2. [ |

V. EXPONENTIAL STABILITY OF SAMPLED-DATA SYSTEMS

In this section we introduce an extension of the previousréras 2 and 3 to cope with the
problem of exponential stability. The objective is here ts@e a guaranteed decay rateof

the solutions of the sampled-data system.

A. Synchronous sampling

The following theorem gives conditions for exponentiabdity. The conditions of the theorem
can be enforced using sum-of-squares, as will be describedi\s
Theorem 4: Consider system (11) witl, =T for some givenl > 0 anda > 0. If there exist

P € S", positive definite and a polynomial matrix, of degideM : [0, T] — S?" such that

In
} =0, M(T)=0, (16)
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and such that for alt € [0, T], the following inequality holds

.
0 0

Wo (1) = W(T) + 20 [ ]P[ +M(1)| <O. (17)
In In

Then closed loop system is exponentially stable with a queesl ratea for the constant

sampling periodl. Moreover it implies the following inequality
FMMPr(T)—e2TP<0

Proof: The proof follows the line of the one from Theorem 2. Consittier same quadratic

Lyapunov function and the same functior@alas in Theorem 2. we get that

X(tx) ! |:X(tk):|
WY, (t — tk) ,
X(t) X(t)

for all t € [tx,tx+ T]. Thus if there exists a solution of inequality (13), integrg the previous

d

gt [V (X)) +Q(t — ti, xmie)] + 20 (V (X(1)) + Q(t — e, Xrk)) = [

inequality leads to

V(X(1)) + Q(t — ti, Xrk) < €24 WV (X(t)) + Q(tk — t, X7k )]
V(X(1) +Q(t — ti, xrk) < & 22 WV (x(ty)),

In particular, takingt =t 1, we getV (X(tx1)) < €29TV(x(tk)). This ensures the exponential
stability of the discrete-time system. Finally the argutn@mthe existence and continuity of the

solutions allows to conclude the proof. [ |

B. Asynchronous sampling

As for the case of asymptotic stability, the case of asynubme sampling is addressed in this
section. The sampling periot, is unknown but bounded in some range. Following the same
procedure as in section lll, the following theorem is dedive

Theorem 5: Consider system (6). For given<0.73 < 7, < « anda > 0, if there existP € S",
positive definite and a bi-polynomial matriv : 0, %] x [Z, F5] — S such that for all
T e[A, 7,

Il _ In _
] M(O,T)[ ]o, M(T,T) =0, (18)
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and such that for ak € [0, T], the following inequality holds
T

_ _ o] [o _
Wo(T,T) =W(1,T) +2a []P[] +M(1,T)| <O. (19)

Then if Ty € [71, 2] for all k> 0, the closed loop system is exponentially stable with treagde

rate a. Moreover it implies that
VT €A, %), THT)PM(T)—e TP <0.

Proof: The proof is a trivial extension of Theorems 3 and 4. [ ]

V. SUM OF SQUARES ASALGORITHMIC ToOL
A. General presentation of SOS

The methodology we use to implement the conditions of Theer2 and 3 is based on the
sum-of-squares decomposition of positive polynomials.eWiapplying this methodology we
assume that all matrix functions are polynomial, can be @pprated by polynomials, or there
is a change of coordinates that renders them polynomial.

Denote byR[y| the ring of polynomials iry = (y1,...,Yn) with real coefficients. Denote bys
the cone of polynomials that admits a SOS decomposition,thesep € R|y] for which there
existh; e Rly],i=1,...,M so that

M
mw;gﬁw

If p(y) € Z, then clearlyp(y) > 0 for all y. The converse is not always true, although the
converse does hold for univariate matrix-valued polyndsnidhe advantage of SOS is that
the problem of testing ifp(y) > 0 is known to be NP-hard, whereas testingpify) € s is
equivalent to an SDP( [20]), and hence is worst-case polyaletime verifiable. SOS results
apply to matrix-valued polynomials as well as scalars,aalth in this case the inequality means
positive semidefinite. The SDPs related to SOS can be fotauilefficiently and the solution
can be retrieved using SOSTOOLS( [17]), which interfaceth wsemidefinite solvers such as
SeDuMi( [21]).

Consider now the conditions in Theorem 2 which take the form.

L(s) <0, se.7, (20)
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whereL(s) e R™ " and.&” is a semialgebraic set described by polynomial inequalitie
S ={seR | ¢(s)>0, i=1,... M}

whereg;(s) are polynomial functions. In order to test condition (20g wan apply Positivstel-
lensatz results such as [22] which allow us to test posytioit a semialgebraic set using SOS.

Specifically, Condition (20) holds if there exists SOS palymals R (s,y), such that
M
L(s)+ Zigi<S)P.(s,y) = Po(s).
i=
Intuitively, the above condition guarantees that ween?’, we have.(s) < — TM, gi(s)pi(s,y) <

0 sinceg; > 0 andp; > 0, and thereforé.(s) <0 for thoses.

B. Application to the stability theorem

In this brief subsection, we identify the functiogss corresponding to sef®, T] and |71, 73]

used in theorems 2 and 3. The function for Theorem 2 is
91(s) = —(T —9)s,
which represents € [0, T| and for Theorem 3, we use
91(s,T)=—(T—s)sandgx(T) = —(%—-T)(T - A).
whereg, represents € [ 77, 75|.

VI. EXAMPLES

Consider system (1) with several matrix definitions

0 1 0 0
,BK = ;
0 -01 -0.375 -1.15

« Example 1 from [4], [12]:
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Theorems | T, for Ex.1 | T» for Ex.2

[4] 0.869 0.99
[12] 1.113 1.99
[13] 1.695 2.03
[14] 1.695 253
[18] 1.723 2.62
Th2N=1 | 0.702 2.319
Th2N=3 | 1729 3.219
Th2N=5 | 1729 3.269
Th3N=1 | 0.701 2.310
Th3N=3 | 1729 3.218
Th3N=5 | 1.729 3.269

TABLE |: Maximum allowable sampling periodl, for examples 1, 2, witi; = 0.

Theorems for Ex.3|

[18] (0.201, 1.623
Th2N=1 @
Th2N=3 [0.2007, 2.016/(J[2.606, 3.055
Th2N=5 [0.2007, 2.020J[2.470, 3.694
[18] (0.400 1.251]
Th3N=1 @
Th3N=3 (0.4, 1.820 or [2.680, 3.005
Th3N=5 (0.4, 1.828 or [2.520, 3.550

TABLE II: Interval of allowable asynchronous samplings bétform [T, T,] for example 3.

Tables | and Il summarize the results obtained in the litweaind using the theorems provided
in the present paper for examples2land 3. One can see that the obtained results are less
conservative then existing ones. More precisely, for ea@mple, Theorem 3 guaranteeing the
stability of the solutions of the sampled-data systems wWithsame Lyapunov matriR.

In Figure 1, we use our algorithm to examine the effect of damgpperiod on the decay
rate of the system. Our results show that the decay rate id ke = .5 until the sampling

period reaches approximately= 1.3, after which the decay rate decreases until instability is
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Fig. 1: Bound on Decay Rate vs. Synchronous Sampling Pefiddy Example 2 withN = 3

encountered at = 1.729.

Another important remark deals with Example 3. This systervell known in the time-delay
literature because the delay has a stabilizing effect. fteans that its solutions are not stable
for sufficiently small delay but become stable for sufficigarge delay. The method proposed
in this article is able to take into account this phenomena ignalso able to isolate several
intervals of possible values for the length of the samplimigrval where the system is stable
for asynchronous and synchronous sampling. Figure 2 riltes the intervals of stability and
exponential decay rate for synchronous sampling.

Note that our analysis of Example 3 indicates that Theorewith (N = 5) can be used to
proves stability for asynchronous sampling(@¥, 1.828 OR [2.520, 3.550, but not over both
simultaneously. This means that stability is not guarahiéehe sampling switches from one
interval to the other. This recalls the classical behavioswitched systems: A system which

switches between two stable subsystems is not necessatg.sta

VIlI. CONCLUSION

In this article, a novel analysis of continuous linear syseunder asynchronous sampling
is provided. This approach is based on the discrete-timguyav Theorem applied to the
continuous-time model of the sampled-data systems. Nealaesults compare favorably with

result in the literature. Perhaps the most important feadbfithe method presented in this paper is
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Exponential Decay Rate, a

0.5 1 15 2 2.5 3 35 4
Sampling Period, T

Fig. 2: Bound on Decay Rate vs. Synchronous Sampling Pefiddr Example 3 withN = 3

that it is expressed using the sum-of-squares frameworksatidis easily extended to nonlinear

systems and systems with parametric uncertainty.
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