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A Converse Sum of Squares Lyapunov Result

with a Degree Bound

Matthew M. Peet and Antonis Papachristodoulou

Abstract

In this paper, we show that local exponential stability of a polynomial vector field implies the

existence of a Lyapunov function which is a sum-of-squares of polynomials. In particular, the main

result states that if a system is exponentially stable system on a bounded nonempty set, then there

exists an SOS Lyapunov function which is exponentially decreasing on that bounded set. The proof

is constructive and uses the Picard iteration. A bound on thedegree of this converse Lyapunov

function is also given. This result implies that semidefinite programming can be used to answer the

question of local stability of a polynomial vector field witha bound on complexity.

Index Terms

I. INTRODUCTION

Computational methods are extensively used in the analysisof dynamical systems; a

particular example is semidefinite programming for linear control problems. At the same

time, many nonlinear and infinite-dimensional problems canbe formulated as polynomial

non-negativity conditions. The ability to optimize over the set of positive polynomials using

the sum-of-squares relaxation has opened up new ways for addressing nonlinear control

problems, in much the same way Linear Matrix Inequalities are used to address analysis

questions for linear finite-dimensional systems. However,there remain several open questions

about how these methods can be used to search for Lyapunov functions for nonlinear systems.

For references on early work on optimization of polynomials, see [1], [2], and [3]. For more
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recent work see [4] and [5]. Today, there exist a number of software packages for optimization

over positive polynomials, e.g. SOSTOOLS [6] and GloptiPoly [7].

In this paper we focus on the use of sum-of-squares Lyapunov functions for the analysis

of nonlinear systems - we do not detail the process of actually computing sum-of-squares

Lyapunov functions, see [3], [8], [9] and [10]. Instead, we concentrate on the local stability

of the zero equilibrium of

ẋ(t) = f (x(t)),

where f : Rn → R
n is polynomial. In particular, in this paper we address the question of

whether an exponentially stable nonlinear system will havea sum-of-squares Lyapunov

function which establishes this property. In previous work[11], we were able to show

that local stability on a bounded region implies the existence of a exponentially decreasing

polynomial Lyapunov function on that set.

The results of this paper are in fact related to the question of whether stability of a system

implies the existence of a Lyapunov function and what the properties of that function are.

Particularly relevant work includes research on continuity properties, See e.g. [12], [13]

and [14] and the overview in [15]. Infinitely-differentiable functions were explored in the

work [16], [17]. Other innovative results are found in [18] and [19]. The books [20] and [21]

treat further converse theorems of Lyapunov.

There are two technical contributions in this paper to the development of converse Lya-

punov theory. Unlike the work in [11], this paper is more closely tied to systems theory

in that we approximate the solution map rather than the Lyapunov function directly. This

approximate solution map is used to develop a converse Lyapunov function. The first key

insight is to note that, due to the structure of this conversefunction, if the approximation to

the solution map is polynomial, then the Lyapunov function will be a sum of squares. This

improvement is important because it is possible to optimizeover sum-of-squares polynomials,

while it is not currently possible to optimize over positivepolynomials.

The second key insight is to use the Picard iteration to approximate the solution map

instead of standard polynomial approximations such as Bernstein polynomials. The reason is

that the Picard iteration retains several key features of the solution map. It is well-known that

the Picard iteration is not ideally suited for approximation of the solution map in a general

context, as it only converges on a short interval. However, when approximating the solution

map for a stable system, we show how the Picard iteration can be extended indefinitely to

create polynomial approximations of the solution map.
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The main result of the paper is stated and proven in Section VII. The sections leading to

Section VII present a series of lemmas that are used in the proof of the main theorem. In

Section III we prove that the Picard iteration satisfies a shifting property; in Section IV we

show that the Picard iteration is contractive on a certain metric space; and in Section V we

propose a new way of extending the Picard iteration. In Section VI we show that the Picard

iteration approximately retains the differentiability properties of the solution map, before we

prove the main result. The paper is concluded in Section IX.

II. NOTATION AND BACKGROUND

The core concept we use in this paper is the Picard iteration.We use this to construct an

approximation to the solution map and then use the approximate solution map to construct

the Lyapunov function. Construction of the Lyapunov function will be discussed in more

depth later on. However, at this point we review the Picard iteration: a standard method for

proving the existence of solutions.

Denote the Euclidean ball centered at 0 of radiusr by Br . Consider an ordinary differential

equation of the form

ẋ(t) = f (x(t)), x(a) = x0, f (0) = 0.

where x ∈ R
n and f satisfies appropriate smoothness properties for local existence and

uniqueness of solutions. The solution map is a functionφ which satisfies

∂
∂ t

φ(t,a,x) = f (φ(t,a,x)) and φ(a,a,x) = x.

Of course, for a time-invariant system, the solution map could also be expressed asφ(s, t).

However, we do not make this change in order to preserve certain properties of the solution

map which we will need to prove the main theorem.

Definition 1: Let X be a metric space. A mappingF : X →X is contractivewith coefficient

d ∈ [0,1) if

‖Fx−Fy‖ ≤ d‖x−y‖ x,y∈ X.

The following is aFixed-PointTheorem.

Theorem 2 (Contraction Mapping Principle):Let X be a complete metric space and let

F : X → X be a contraction with coefficientd. Then there exists a uniquea∈ X such that

Fa= a.
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Furthermore
∥

∥

∥
Fkx0−a

∥

∥

∥
≤ dk‖x0−a‖ .

To apply these results to the existence of the solution map, we use the Picard iteration.

Definition 3: For givenx, T and r, define the metric space

X :=
{

z(t,a,x) : supt∈[a,a+T] ‖z(t,a,x)‖ ≤ 2r, z is continuously differentiable.
}

(1)

with norm ‖z‖= sup
t∈[a,a+T]

‖z(t,a,x)‖.

Finally, define thePicard iteration,

(Pz)(t,a,x), x+
∫ t

a
f (z(s,a,x))ds.

III. PICARD SHIFT INVARIANCE LEMMA

The first result is a technical Lemma showing that the Picard iteration satisfies the time-

invariance property of the solution map.

Lemma 4:Let z(s, t,x) = 0. For a time-invariant system, the Picard iteration satisfies

(Pkz)(s, t,x) = (Pkz)(s−a, t−a,x)

Proof: The proof is by induction. At the first iteration,

(Pz)(s, t,x) = (Pz)(s−a, t−a,x) = x.

Suppose that(Pkz)(s, t,x) = Pkz(s−a, t−a,x). Then by shift-invariance ofPk,

(Pk+1z)(s, t,x) = x+
∫ s

t
f ((Pkz)(ω, t,x))dω = x+

∫ s−a

t−a
f ((Pkz)(ω +a, t,x))dω

= x+
∫ s−a

t−a
f ((Pkz)(ω, t−a,x))dω = (Pk+1z)(s−a, t−a,x).

Therefore, the Lemma holds by induction.

IV. PICARD ITERATION

We begin this section by showing that for any radiusr, there exists aT such that the

Picard iteration is contractive onX for any x∈ Br .

Lemma 5:Given r > 0, let T < min{ r
Q,

1
L} where f has Lipschitz factorL on B2r and

Q= supx∈B2r
f (x). Then for anyx∈ Br , P : X → X and there exists someφ ∈ X such that for

t ∈ [a,a+T],
d
dt

φ(t,a,x) = f (φ(t,a,x)), φ(a,a,x) = x
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and for anyz∈ X,
∥

∥

∥
φ −Pkz

∥

∥

∥
≤ (TL)k‖φ −z‖ .

Proof: We first showP : X → X. If z∈ X, then forx∈ Br , ‖z(s, t,x)‖ ≤ 2r and so

sup
t∈[a,a+T]

‖(Pz)(t,a,x)‖= sup
t∈[a,a+T]

∥

∥

∥

∥

x+
∫ t

a
f (z(s,a,x))

∥

∥

∥

∥

ds

≤ ‖x‖+
∫ a+T

a
‖ f (z(s,a,x))‖ds≤ r +TQ< 2r

Thus we conclude thatPz∈ X. Furthermore, forz1,z2 ∈ X,

‖Pz1−Pz2‖= sup
t∈[a,a+T]

∥

∥

∥

∥

∫ t

a
( f (z1(s,a,x))− f (z2(s,a,x)))ds

∥

∥

∥

∥

≤

∫ a+T

a
‖ f (z1(s,a,x))− f (z2(s,a,x))‖ds

≤ TL sup
s∈[a,a+T ]

‖z1(s,a,x)−z2(s,a,x)‖= TL‖z1−z2‖

Therefore, by the contraction mapping theorem, the Picard iteration converges on[0,T]

with convergence rate(TL)k.

V. PICARD EXTENSION CONVERGENCELEMMA

In this section we propose a new way of extending the Picard iteration. We use the final

value of the previous Picard iteration as the initial condition for a new round of Picard iteration

– see Figure 1 for an illustration. This is done to achieve convergence on an arbitrary interval

while maintaining the polynomial nature of the approximation on several subintervals.

Definition 6: Suppose that the solution mapφ exists on(s− t) ∈ [0,∞] and‖φ(s, t,x)‖ ≤

K ‖x‖ for any x∈ Br . Suppose thatf has Lipschitz factorL on B4Kr and is bounded onB4Kr

with boundQ. GivenT < min{2Kr
Q , 1

L}, let z= 0 and define

Gk
0(s, t,x) := (Pkz)(s, t,x)

and for i > 0, define the functionsGi recursively as

Gk
i+1(s, t,x) := (Pkz)(s, t,Gk

i (T,0,x)).

Define the concatenation of theGk
i as

Gk(s, t,x) := Gi(s− iT, t,x) ∀ s∈ [t + iT, t+ iT +T] and i = 1, · · · ,∞.
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Fig. 1. An illustration of the solution mapφ and the functionsGk
i which are used in the Extended Picard Iteration and

the Lyapunov construction.

If f is polynomial, then theGk
i are polynomials for anyi,k and Gk is continuously

differentiable for anyk. The following lemma provides several properties for the functions

Gk.

Lemma 7:Given δ > 0, suppose that the solution mapφ(s, t,x) exists on(s− t) ∈ [0,δ ]

andx∈ Br and‖φ(s, t,x)‖ ≤ K ‖x‖ for any x∈ Br . Suppose thatf is Lipschitz onB4Kr with

factor L and bounded with boundQ. ChooseT < min{2Kr
Q , 1

L} and integerN > δ/T. Then

let Gk andGk
i be defined as above.

Define the function

c(k) =
N

∑
i=1

(

eTL+K2(TL)k
)i

K2(TL)k.

Then for anyk such thatc(k)< K, Gk ∈Y where

Y :=







z(t,a,x) :
supt∈[a,a+δ ]

x∈Br

‖z(t,a,x)‖ ≤ r, z is continuously differentiable and

Gk(s, t,x) = Gk(s−a, t−a,x).







. (2)

Furthermore
∥

∥

∥
Gk(s,0,x)−φ(s,0,x)

∥

∥

∥
≤ c(k)‖x‖ .

Proof: Define the convergence rated = TL< 1. Then the conditions of Lemma 5 are

satisfied usingr ′ = 2Kr. Thus for anyx∈ B2Kr , Pk converges toφ on [0,T]. Then

sup
s∈[0,T]

∥

∥

∥
Gk

0(s,0,x)−φ(s,0,x)
∥

∥

∥
= sup

s∈[0,T]

∥

∥

∥
Pk(s,0,x)−φ(s,0,x)

∥

∥

∥
≤ dk sup

s∈[0,T]
‖φ(s,0,x)‖ ≤ Kdk‖x‖ .
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ThusGk converges toφ on the interval[0,T]. Define

ci(k) =
i

∑
j=1

(ed+K2dk) jK2dk.

and suppose that
∥

∥Gk−φ
∥

∥≤ ci−1(k)‖x‖ on interval[iT −T, iT ]. Then

sup
s∈[iT,iT+T]

∥

∥

∥
Gk(s,0,x)−φ(s,0,x)

∥

∥

∥
= sup

s∈[iT,iT+T]

∥

∥

∥
Gk

i (s− iT,0,x)−φ(s,0,x)
∥

∥

∥

= sup
s∈[iT,iT+T]

∥

∥

∥
Pk(s− iT,0,Gk

i−1(T,0,x))−φ(s− iT,0,φ(iT,0,x))
∥

∥

∥

≤ sup
s∈[iT,iT+T]

∥

∥

∥
Pk(s− iT,0,Gk

i−1(T,0,x))−φ(s− iT,0,Gk
i−1(T,0,x))

∥

∥

∥

+ sup
s∈[iT,iT+T]

∥

∥

∥
φ(s− iT,0,Gk

i−1(T,0,x))−φ(s− iT,0,φ(iT,0,x))
∥

∥

∥

We treat these final two terms separately. First note that

∥

∥

∥
Gk

i−1(T,0,x)
∥

∥

∥
≤ ‖φ(iT,0,x)‖+

∥

∥

∥
φ(iT,0,x)−Gk

i−1(T,0,x)
∥

∥

∥
≤ K ‖x‖+ci−1(k)‖x‖

≤ (K +ci−1(k))‖x‖ .

Sinceci−1(k)≤ c(k)< K andx∈ Br ,
∥

∥Gk
i−1(T,0,x)

∥

∥≤ (K +Kci−1(k))‖x‖ ≤ 2Kr. Hence

sup
s∈[iT,iT+T]

∥

∥

∥
Pk(s− iT,0,Gk

i−1(T,0,x))−φ(s− iT,0,Gk
i−1(T,0,x))

∥

∥

∥

≤ sup
s∈[iT,iT+T]

dk
∥

∥

∥
φ(s− iT,0,Gk

i−1(T,0,x))
∥

∥

∥
≤ Kdk

∥

∥

∥
Gk

i−1(T,0,x)
∥

∥

∥

≤ Kdk(K+ci−1(k))‖x‖ .

Now, if x∈ Br , ‖φ(s,0,x)‖ ≤ Kr and since
∥

∥Gk
i−1(T,0,x)

∥

∥ ≤ 2Kr and f is Lipschitz on

B4Kr , it is well-known that

sup
s∈[iT,iT+T]

∥

∥

∥
φ(s− iT,0,Gk

i−1(T,0,x))−φ(s− iT,0,φ(iT,0,x))
∥

∥

∥

≤ sup
s∈[iT,iT+T]

eL(s−iT )
∥

∥

∥
Gk

i−1(T,0,x)−φ(iT,0,x)
∥

∥

∥
≤ eTLci−1(k)‖x‖

Combining, we conclude that

sup
s∈[iT,iT+T]

∥

∥

∥
Gk

i (s− iT,0,x)−φ(s,0,x)
∥

∥

∥
≤ eTLci−1(k)‖x‖+Kdk(K+ci−1(k))‖x‖

= ((ed+Kdk)ci−1(k)+K2dk)‖x‖= ci(k)‖x‖ .
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The inequality holds fori = 0 by assumption. By induction, we conclude that

∥

∥

∥
Gk(s,0,x)−φ(s,0,x)

∥

∥

∥
≤ c(k)‖x‖ .

To showGk(s, t,x) = Gk(s−a, t−a,x), recall

Gk(s, t,x) := Gi(s− iT, t,x) ∀ s∈ [t + iT, t+ iT +T] and i = 1, · · · ,∞.

By definition then,Gk(s−a, t−a,x) = Gi(s− iT −a, t−a,x) for s∈ [t+ iT, t+ iT +T]. Now

sinceGk
i+1(s, t,x) = Pk(s, t,Gk

i (T,0,x)), we have

Gi(s− iT −a, t−a,x) = Pk(s−a, t−a,Gk
i−1(T,0,x)) = Pk(s, t,Gk

i−1(T,0,x)) = Gi(s− iT, t,x)

for s∈ [t + iT, t + iT +T]. Therefore,Gk(s−a, t −a,x) = Gk
i (s− iT, t,x) = Gk(s, t,x) for s∈

[t+ iT, t + iT +T], i = 1, . . . ,N. This implies thatGk(s−a, t−a,x) = Gk(s, t,x) for all s.

VI. DERIVATIVE INEQUALITY LEMMA

In this critical lemma, we show that the Picard iteration approximately retains the differ-

entiability properties of the solution map. The proof is based on induction and is inspired by

an approach in [22]. This lemma is then adapted to the extended Picard iteration introduced

in the previous section.

Lemma 8:Suppose that the conditions of Lemma 5 are satisfied. Then forany x∈ Br and

any k≥ 0,

sup
t∈[a,a+T]

∥

∥

∥

∥

∂
∂a

(Pkz)(t,a,x)+
∂
∂x

(Pkz)(t,a,x)T f (x)

∥

∥

∥

∥

≤
(TL)k

T
‖x‖

Proof: Begin with the identity fork≥ 1

(Pkz)(t,a,x) = x+
∫ t

a
f ((Pk−1z)(s,a,x))ds.

Then

∂
∂a

(Pkz)(t,a,x) =− f ((Pk−1z)(a,a,x))+
∫ t

a
∇ f ((Pk−1z)(s,a,x))T ∂

∂a
(Pk−1z)(s,a,x)ds

=− f (x)+
∫ t

a
∇ f ((Pk−1z)(s,a,x))T ∂

∂a
(Pk−1z)(s,a,x)ds,

and

∂
∂x

(Pkz)(t,a,x) = I +
∫ t

a
∇ f ((Pk−1z)(s,a,x))T ∂

∂x
(Pk−1z)(s,a,x)ds.
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Now define fork≥ 1,

yk(t,a,x) :=
∂

∂a
(Pkz)(t,a,x)+

∂
∂x

(Pkz)(t,a,x)T f (x).

For k≥ 2, we have

yk(t,a,x) :=
∂

∂a
(Pkz)(t,a,x)+

∂
∂x

(Pkz)(t,a,x)T f (x)

=
∫ t

a
∇ f ((Pk−1z)(s,a,x))T ∂

∂a
(Pk−1z)(s,a,x)ds

+
∫ t

a
∇ f ((Pk−1z)(s,a,x))T ∂

∂x
(Pk−1z)(s,a,x) f (x)ds

=
∫ t

a
∇ f ((Pk−1z)(s,a,x))T

[

∂
∂a

(Pk−1z)(s,a,x)+
∂
∂x

(Pk−1z)(s,a,x) f (x)

]

ds

=
∫ t

a
∇ f ((Pk−1z)(s,a,x))Tyk−1(s,a,x)ds.

This means that since(Pk−1z)(t,a,x)∈ B2r , by induction

sup
[a,a+T]

‖yk(t)‖ ≤ T sup
t∈[a,a+T]

∥

∥

∥
∇ f ((Pk−1z)(t,a,x))

∥

∥

∥
sup

t∈[a,a+T]
‖yk−1(t,a,x)‖

≤ TL sup
t∈[a,a+T ]

‖yk−1(t,a,x)‖ ≤ (TL)(k−1) sup
t∈[a,a+T]

‖y1(t,a,x)‖

For k= 1, (Pz)(t,a,x) = x, so y1(t) = f (x) and sup[a,a+T] ‖y1(t)‖ ≤ L‖x‖. Thus

sup
[a,a+T ]

‖yk(t)‖ ≤
(TL)k

T
‖x‖ .

We now adapt this lemma to the extended Picard iteration.

Lemma 9:Suppose that the conditions of Lemma 7 are satisfied. Then forany x∈ Br ,

sup
t∈[a,a+T]

∥

∥

∥

∥

∂
∂a

Gk(t,a,x)+
∂
∂x

Gk(t,a,x)T f (x)

∥

∥

∥

∥

≤
(TL)k

T
(K +c(k))‖x‖

Proof: Recall that

Gk(s, t,x) := Gi(s− iT, t,x) ∀ s∈ [t + iT, t+ iT +T] and i = 1, · · · ,∞.
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andGk
i+1(s, t,x) = Pk(s, t,Gk

i (T,0,x)). For t ∈ [a+ iT,a+ iT +T],
∥

∥

∥

∥

∂
∂a

Gk(t,a,x)+
∂
∂x

Gk(t,a,x)T f (x)

∥

∥

∥

∥

=

∥

∥

∥

∥

∂
∂a

Gk
i (t − iT,a,x)+

∂
∂x

Gk(t − iT,a,x)T f (x)

∥

∥

∥

∥

=

∥

∥

∥

∥

∂
∂a

Pk(t − iT,a,Gk
i (T,0,x))+

∂
∂x

Pk(t− iT,a,Gk
i (T,0,x))

T f (x)

∥

∥

∥

∥

≤
(TL)k

T

∥

∥

∥
Gk

i (T,0,x)
∥

∥

∥

As was shown in the proof of Lemma 7,
∥

∥Gk
i (T,0,x)

∥

∥≤ (K+ci(k))‖x‖. Thus

∥

∥

∥

∥

∂
∂a

Gk(t,a,x)+
∂
∂x

Gk(t,a,x)T f (x)

∥

∥

∥

∥

≤
(TL)k

T
(K+ci(k))‖x‖

Since theci are non-decreasing,

sup
t∈[a,a+δ ]

∥

∥

∥

∥

∂
∂a

Gk(t,a,x)+
∂
∂x

Gk(t,a,x)T f (x)

∥

∥

∥

∥

≤
(TL)k

T
(K+c(k))‖x‖ .

VII. M AIN RESULT - A CONVERSE SOS LYAPUNOV FUNCTION

In this section, we combine the previous results in a relatively straightforward manner to

obtain a converse Lyapunov function which is also a sum-of-squares polynomial. Specifically,

we use a standard form of converse Lyapunov function and substitute our extended Picard

iteration for the solution map. Consider the system

ẋ(t) = f (x(t)), x(0) = x0. (3)

Theorem 10:Suppose thatf is polynomial of degreeq and that system (3) is exponentially

stable with

‖x(t)‖ ≤ K ‖x(0)‖e−λ t

for someλ > 0, K ≥ 1 and for anyx(0) ∈ M, whereM is a bounded nonempty region of

radius r. Then there existα,β ,γ > 0 and a sum-of-squares polynomialV(x) such that for

any x∈ M,

α ‖x‖2 ≤V(x)≤ β ‖x‖2

∇V(x)T f (x)≤−γ ‖x‖2 .

Further, the degree ofV will be less thanq2(Nk−1), wherek is the minimum integer such that
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c(k)< K, and

c(k)2+
log2K2

2λ
KL(1+c(k))(K+c(k))<

1
2
,

c(k)2 <
λ

KL log2K2(1− (2K2)−
L
λ ).

wherec(k) is defined as

c(k) =
N

∑
i=1

(

eTL+K2(TL)k
)i

K2(TL)k.

whereT andN are chosen such thatNT > log2K2

2λ andT <min{2Kr
Q , 1

L} whereL is a Lipschitz

bound for f on B4Kr .

Proof: Defineδ = log2K2

2λ andd= TL. We note that since stability impliesf (0) = 0, f is

bounded onBr with boundQ= Lr. Thus since2Kr
Q = 2K

L > 1
L , the conditions of Lemma 5 are

satisfied.By Lemma 5, the Picard iteration converges on[0,T] for any x∈ B2Kr with ratedk.

DefineGk as in Lemma 7. By Lemma 7, ifk is defined as above,
∥

∥Gk(s,0,x)−φ(s,0,x)
∥

∥≤

c(k)‖φ(s,0,x)‖ ons∈ [0,δ ] andx∈Br . We propose the following Lyapunov function, indexed

by k.

Vk(x) :=
∫ δ

0
Gk(s,0,x)TGk(s,0,x)ds

The proof is divided into four parts:

a) Upper and Lower Bounded:To prove thatVk is a valid Lyapunov function, first

consider upper boundedness. Ifx∈ B ands∈ [0,δ ]. Then

∥

∥

∥
Gk(s,0,x)

∥

∥

∥

2
=
∥

∥

∥
φ(s,0,x)+

[

Gk(s,0,x)T −φ(s,0,x)
]
∥

∥

∥

2

≤ ‖φ(s,0,x)‖2+
∥

∥

∥

[

Gk(s,0,x)T −φ(s,0,x)
]
∥

∥

∥

2

As per Lemma 7,
∥

∥Gk(s,0,x)−φ(s,0,x)
∥

∥≤ c(k)‖φ(s,0,x)‖ ≤ Kc(k)‖x‖. From stability we

have‖φ(s,0,x)‖ ≤ K ‖x‖. Hence,

Vk(x) =
∫ δ

0

∥

∥

∥
Gk(s,0,x)

∥

∥

∥

2
ds≤ δK2(1+c(k)2)‖x‖2 .

Therefore the upper boundedness condition is satisfied for any k ≥ 0 with β = δK2(1+

c(k)2)> 0.
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Next we consider the strict positivity condition. First we note

‖φ(s,0,x)‖2 =
∥

∥

∥
Gk(s,0,x)+

[

φ(s,0,x)−Gk(s,0,x)
]
∥

∥

∥

2

≤
∥

∥

∥
Gk(s,0,x)

∥

∥

∥

2
+
∥

∥

∥
φ(s,0,x)−Gk(s,0,x)

∥

∥

∥

2

which implies

∥

∥

∥
Gk(s,0,x)

∥

∥

∥

2
≥ ‖φ(s,0,x)‖2−

∥

∥

∥
φ(s,0,x)−Gk(s,0,x)

∥

∥

∥

2

By Lipschitz continuity of f , ‖φ(s,0,x)‖2 ≥ e−2Ls‖x‖2 and
∥

∥Gk(s,0,x)−φ(s,0,x)
∥

∥≤ Kc(k)‖x‖. Thus

Vk(x) =
∫ δ

0

∥

∥

∥
Gk(s,0,x)

∥

∥

∥

2
ds≥

(

1
2L

(1−e−2Lδ )−δKc(k)2
)

‖x‖2 .

Therefore fork as defined previously,12L(1− e−2Lδ )− δKc(k)2 > 0 and so the positivity

condition holds for someα > 0.

b) Negativity of the Derivative:Next, we prove the derivative condition. Recall

Vk(x) :=
∫ δ

0
Gk(s,0,x)TGk(s,0,x)ds=

∫ t+δ

t
Gk(s, t,x)TGk(s, t,x)ds

then since∇V(x(t))T f (x(t)) = d
dtV(x(t)), we have by the Leibnitz rule for differentiation of

integrals,

d
dt

Vk(x(t)) =
[

Gk(t+δ , t,x(t))TGk(t +δ , t,x(t))
]

−
[

Gk(t, t,x(t))TGk(t, t,x(t))
]

+

∫ t+δ

t
2Gk(s, t,x(t))T ∂

∂2
Gk(s, t,x(t))ds+

∫ t+δ

t
2Gk(s, t,x(t))T ∂

∂3
Gk(s, t,x(t)) f (x(t))ds

=
∥

∥

∥
Gk(δ ,0,x(t))

∥

∥

∥

2
−‖x(t)‖2+

∫ t+δ

t
2Gk(s, t,x(t))T

[

∂
∂2

Gk(s, t,x(t))+
∂

∂3
Gk(s, t,x(t)) f (x(t))

]

ds

where ∂
∂ i f denotes partial differentiation off with respect to itsith variable. As per Lemma 9,

we have
∥

∥

∥

∥

∂
∂2

Gk(s, t,x(t))+
∂

∂3
Gk(s, t,x(t))T f (x(t))

∥

∥

∥

∥

≤
dk

T
(K+c(k))‖x(t)‖
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and as previously noted
∥

∥Gk(s, t,x(t))
∥

∥

2
≤ (K2e−2λ (s−t)+c(k)2)‖x(t)‖2. Similarly,

∥

∥Gk(s, t,x(t))
∥

∥≤ (K+c(k))‖x(t)‖. We conclude

d
dt

Vk(x(t))≤ (K2e−2λδ +c(k)2)‖x(t)‖2−‖x(t)‖2+2δ
dk

T
(1+c(k))(K+c(k))‖x(t)‖2

≤

(

K2e−2λδ +c(k)2−1+2δK
dk

T
(1+c(k))(K+c(k))

)

‖x(t)‖2

Therefore, we have strict negativity of the derivative since

K2e−2λδ +c(k)2+2δ
dk

T
(1+c(k))(K+c(k))

=
1
2
+c(k)2+2δK

dk

T
(1+c(k))(K+c(k))< 1

Thus d
dtVk(x(t))≤−γ ‖x(t)‖2 for someγ > 0.

c) Sum of Squares:Since f is polynomial andz is trivially polynomial,(Pkz)(s,0,x) is

a polynomial inx ands. Therefore,Vk(x) is a polynomial for anyk> 0. To show thatV is

sum-of-squares, we first rewrite the function

V(x) =
N

∑
i=1

∫ iT

iT−T

[

Gk
i (s− iT,0,x)TGk

i (s− iT,0,x)
]

ds.

Since Gk
i z is a polynomial in all of its arguments,Gk

i (s− iT,0,x)TGk
i (s− iT,0,x) is sum-

of-squares. It can therefore be represented asRi(x)TZi(s)TZi(s)Ri(x) for some polynomial

vectorRi and matrix of monomial basesZi . Then

V(x) =
N

∑
i=1

Ri(x)
T
∫ iT

iT−T
Zi(s)

TZi(s)dsRi(x) =
N

∑
i=1

Ri(x)
TMiRi(x)

WhereMi =
∫ iT

iT−T Zi(s)TZi(s)ds≥ 0 is a constant matrix. This proves thatV is sum-of-squares

since it is a sum of sums-of-squares.

d) Degree Bound:Given a k which satisfies the inequality conditions onc(k), we

consider the resulting degree ofGk, and hence, ofVk. If f is a polynomial of degreeq,

andy is a polynomial of degreed in x, thenPy will be a polynomial of degree max{1,dq}

in x. Thus sincez= 0, the degree ofPkz will be qk−1. If N > 1, then the degree ofGk
i will

be qNk−1. Thus the maximum degree of the Lyapunov function is 2q(Nk−1).

VIII. N UMERICAL ILLUSTRATION

To illustrate the degree bound and hence the complexity of analyzing a nonlinear system,

we plot the degree bound versus the exponential convergencerate of the the system. The
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Fig. 2. Degree bound vs. Exponential Convergence Rate forK = 1.2, r = L = 1, q= 5

convergence rate can be viewed as a metric for the accuracy ofthe sum-of-squares approach:

suppose we have a degree bound as a function of convergence rate, d(γ). If it is not possible

to find a sum-of-squares Lyapunov function of degreed(γ) proving stability, then we know

that the convergence rate of the system must be less thanγ.

As can be seen, as the convergence rate increases, the degreebound decreases super-

exponentially, so that atγ = 2.4, only a quadratic Lyapunov function is required to prove

stability. For cases where high accuracy is required, the degree bound increases quickly;

scaling approximately ase
1
γ . To reduce the complexity of the problem, in come cases less

conservative bounds on the degree can be found by considering the monomial terms in the

vector field. If the complexity is still unacceptably high, then one can consider the use of

parallel computing: unlike single-core processing, parallel computing power continues to

increase exponentially. For a discussion on using parallelcomputing to solve polynomial

optimization problems, we refer to [23].

IX. CONCLUSION

In this paper, we have used the Picard iteration to constructan approximation to the

solution map on arbitrarily long intervals. We have used this approximation to prove that local

exponential stability of a polynomial vector field implies the existence of a Lyapunov function

which is a sum-of-squares of polynomials. Still unresolvedis the fundamental question of

whetherglobally stable vector fields will also admit sum-of-squares Lyapunov functions.
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