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A Converse Sum of Squares Lyapunov Result

with a Degree Bound

Matthew M. Peet and Antonis Papachristodoulou

Abstract

In this paper, we show that local exponential stability ofcdypomial vector field implies the
existence of a Lyapunov function which is a sum-of-squafgméynomials. In particular, the main
result states that if a system is exponentially stable syste a bounded nonempty set, then there
exists an SOS Lyapunov function which is exponentially dasing on that bounded set. The proof
is constructive and uses the Picard iteration. A bound ondeigree of this converse Lyapunov
function is also given. This result implies that semideéipptogramming can be used to answer the

question of local stability of a polynomial vector field withbound on complexity.

Index Terms

. INTRODUCTION

Computational methods are extensively used in the anabysidynamical systems; a
particular example is semidefinite programming for lineantcol problems. At the same
time, many nonlinear and infinite-dimensional problems banformulated as polynomial
non-negativity conditions. The ability to optimize oveetket of positive polynomials using
the sum-of-squares relaxation has opened up new ways faessidg nonlinear control
problems, in much the same way Linear Matrix Inequalities ased to address analysis
guestions for linear finite-dimensional systems. Howetyge remain several open questions
about how these methods can be used to search for Lyapunctoius for nonlinear systems.

For references on early work on optimization of polynomiake [1], [2], and [3]. For more
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recent work see [4] and [5]. Today, there exist a number divsoke packages for optimization
over positive polynomials, e.g. SOSTOOLS [6] and GloptyPdl].

In this paper we focus on the use of sum-of-squares Lyapumostibns for the analysis
of nonlinear systems - we do not detail the process of agtuaimputing sum-of-squares
Lyapunov functions, see [3], [8], [9] and [10]. Instead, wencentrate on the local stability

of the zero equilibrium of

where f : R" — R" is polynomial. In particular, in this paper we address thesgon of
whether an exponentially stable nonlinear system will haveum-of-squares Lyapunov
function which establishes this property. In previous w¢ik], we were able to show
that local stability on a bounded region implies the existenf a exponentially decreasing
polynomial Lyapunov function on that set.

The results of this paper are in fact related to the questiavhether stability of a system
implies the existence of a Lyapunov function and what theertes of that function are.
Particularly relevant work includes research on contingtoperties, See e.g. [12], [13]
and [14] and the overview in [15]. Infinitely-differentiablfunctions were explored in the
work [16], [17]. Other innovative results are found in [18]da[19]. The books [20] and [21]
treat further converse theorems of Lyapunov.

There are two technical contributions in this paper to theetiggpment of converse Lya-
punov theory. Unlike the work in [11], this paper is more €lystied to systems theory
in that we approximate the solution map rather than the Lyapuunction directly. This
approximate solution map is used to develop a converse In@ptunction. The first key
insight is to note that, due to the structure of this convéusetion, if the approximation to
the solution map is polynomial, then the Lyapunov functiati tne a sum of squares. This
improvement is important because it is possible to optimizr sum-of-squares polynomials,
while it is not currently possible to optimize over positigelynomials.

The second key insight is to use the Picard iteration to aqma&te the solution map
instead of standard polynomial approximations such asd$eimpolynomials. The reason is
that the Picard iteration retains several key featuresefgtiution map. It is well-known that
the Picard iteration is not ideally suited for approximatiaf the solution map in a general
context, as it only converges on a short interval. Howevéenvapproximating the solution
map for a stable system, we show how the Picard iteration eaexbended indefinitely to

create polynomial approximations of the solution map.
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The main result of the paper is stated and proven in SectionTWe sections leading to
Section VII present a series of lemmas that are used in thef pfothe main theorem. In
Section Ill we prove that the Picard iteration satisfies dtigigi property; in Section IV we
show that the Picard iteration is contractive on a certaitrimspace; and in Section V we
propose a new way of extending the Picard iteration. In 8ecil we show that the Picard
iteration approximately retains the differentiabilityoperties of the solution map, before we

prove the main result. The paper is concluded in Section IX.

[I. NOTATION AND BACKGROUND

The core concept we use in this paper is the Picard iteraéManuse this to construct an
approximation to the solution map and then use the apprdgimalution map to construct
the Lyapunov function. Construction of the Lyapunov fuantiwill be discussed in more
depth later on. However, at this point we review the Picagdation: a standard method for
proving the existence of solutions.

Denote the Euclidean ball centered at O of radiby B;. Consider an ordinary differential

equation of the form
X(t) = f(x(t)), x(a) = Xo, f(0)=0.

where x € R" and f satisfies appropriate smoothness properties for locatesds and
uniqueness of solutions. The solution map is a functpowhich satisfies

Jotax=flptax) and g@ax=x

Of course, for a time-invariant system, the solution mapld¢@lso be expressed &gs;t).
However, we do not make this change in order to preserveiggstaperties of the solution
map which we will need to prove the main theorem.
Definition 1: Let X be a metric space. A mappiig: X — X is contractivewith coefficient
de[0,1) if
[Fx—Fy[| <d|x=y]|  xyeX.

The following is aFixed-PointTheorem.
Theorem 2 (Contraction Mapping Principle):et X be a complete metric space and let

F : X — X be a contraction with coefficiem. Then there exists a uniquec X such that

Fa=a.
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Furthermore
HF"XO — aH <d¥|xo—al.

To apply these results to the existence of the solution mapuse the Picard iteration.
Definition 3: For givenx, T andr, define the metric space

X= {z(t,a, X) © SURcaasT) 12(t,8,X)[| < 2r, Zis continuously differentiable} (1)

with norm ||z]| = sup ||z(t,a x)]||.
tela,a+T]
Finally, define thePicard iteration

t
(Pz)(t,a,x)éx+/ f(2(s,3,%))ds

[1I. PICARD SHIFT INVARIANCE LEMMA

The first result is a technical Lemma showing that the Pictadhtion satisfies the time-
invariance property of the solution map.
Lemma 4:Let z(s,t,x) = 0. For a time-invariant system, the Picard iteration satsfi

(P*2)(s,t,x) = (PX2)(s—a,t —a,X)
Proof: The proof is by induction. At the first iteration,
(P2)(s,t,x) = (P7)(s—a,t—a,x) =X.

Suppose thatP*z)(s,t,x) = PXz(s—a,t —a,x). Then by shift-invariance o,

S S—a
(P'<+1z>(s,t,x>:x+/ F(P(wtx))do=x+ [ F(PD(w+atx)dw
t t—a
S—a
= X+ f((P*2)(w,t —a,x))dw = (P*"1z)(s—a,t —a,x).
t—a
Therefore, the Lemma holds by induction. [ ]

IV. PICARD ITERATION

We begin this section by showing that for any radiyghere exists a such that the
Picard iteration is contractive o for any x € B;.

Lemma 5:Givenr >0, let T < min{é,%} where f has Lipschitz facto. on By, and
Q= sUpcg, f(X). Then for anyx € By, P: X — X and there exists somge X such that for
telaa+T],

Sotax=flotax). o@aax=x
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and for anyz e X,
|o—P2| < (TL* 2.

Proof: We first showP : X — X. If z€ X, then forx € By, ||z(s,t,X)|| < 2r and so

X—l—/ sax ‘

< ]|x]|+/ | f(z(s,a,x))||ds<r+TQ< 2r
a

sup_[[(P(t,ax)||= sup
tela,a+T] claa+T]

S

Thus we conclude thd@®ze< X. Furthermore, fozy, 2 € X,

IPa-Pzl= sup_| [ (fa(sax) - f(z(sax)ds

tela,a+T]

a+T
< / |f(za(s.ax) — f(z(s,ax)|ds

<TL sup |z1(s,a,X) —2zn(s,a,X)|| =TL||z1 — 2|
scla,a+T]

Therefore, by the contraction mapping theorem, the Picintion converges ofD, T]
with convergence ratéT L)X, u

V. PICARD EXTENSION CONVERGENCELEMMA

In this section we propose a new way of extending the Picaration. We use the final
value of the previous Picard iteration as the initial coiodifor a new round of Picard iteration
— see Figure 1 for an illustration. This is done to achievereggence on an arbitrary interval
while maintaining the polynomial nature of the approxiroaton several subintervals.

Definition 6: Suppose that the solution mgpexists on(s—t) € [0,0] and ||@(s,t,x)|| <
K ||x|| for any x € B;. Suppose thaf has Lipschitz factot. on By, and is bounded oBk;
with boundQ. GivenT < min{Z{", {1}, letz=0 and define

Gs(s,t,x) == (P*2)(s,t,X)
and fori > 0, define the function&; recursively as
G 1(s,t,%) := (PX2)(s,t,GK(T,0,x)).
Define the concatenation of th@k as

GX(s,t,X) :=Gi(s—iT,t,x) V seft+iT,t+iT+T] andi=1,--- 0.
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x(t)

Fig. 1. An illustration of the solution map and the functioni;}‘ which are used in the Extended Picard Iteration and
the Lyapunov construction.

If f is polynomial, then theG}‘ are polynomials for anyi,k and GX is continuously
differentiable for anyk. The following lemma provides several properties for thections
GK,

Lemma 7:Given d > 0, suppose that the solution maps,t,x) exists on(s—t) € [0, J]
andx e By and||@(s,t,X)|| < K||x|| for any x € B;. Suppose thaf is Lipschitz onBak, with
factor L and bounded with boun@. ChooseT < min{Z", #} and integeN > &/T. Then
let G and GX be defined as above.

Define the function

N i
ck) =S (et +K3TL)¥) K3(TL)X
3 )
Then for anyk such thatc(k) < K, GX € Y where
SURcfaara) 12(t,a,X)|| <1, zis continuously differentiable and
Y:=<z(t,a,x): xeB . (2)
GX(s,t,x) = G¥(s—a,t —a,x).

Furthermore
|64(s.0. — (s, 0,30 < i) 1x].

Proof: Define the convergence rate=TL < 1. Then the conditions of Lemma 5 are

satisfied using’ = 2Kr. Thus for anyx € By, PX converges tap on [0,T]. Then

sup HGO s,0,x) — ¢(s,0,X ‘ = su ) PK(s,0,x) — (p(s,O,x)H < dX sup [|g(s,0,x)|| < Kd¥||x||.
sc[0,T] se[0 T] se[0,T]
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Thus GX converges tap on the intervall0, T]. Define
i
Z ¥ + K2d¥)TKk2dk.

and suppose thalGk — ¢|| < ci_1(k) [[X|| on interval iT —T,iT]. Then

sup||GK(s.0) - @(s0.0)| = sup _||GH(s—iT,0.% @(s,0.%)|
SE[iT,iT+T] SE[iT,iIT+T]
= sup ||PX(s—iT, 0,61 y(T.0,X)) — p(s—iT,0,¢(iT,0,%)
Se[iT,iT+T]
< sup ||PX(s—iT,0,GI4(T,0,%) — @(s—iT, 0,61 y(T.0X))|
SE[iT,IT+T]
+  sup H(p s—iT,0,GF 4(T,0,x)) — (P(S—iT,OJP(iT,O,X))H
Se(iT,iT+T]

We treat these final two terms separately. First note that
|GI4(T.0.)| < 19T, 0,%)]1+{|0iT,0,%) — G 4(T,0.) | < KIIx| +Gi-a(k) ]
< (K+ci—1(k) [Ix]].-

Sinceci_1(k) < c(k) < K andx € By,

GK 4 (T,0,%)|| < (K+Kgi—1(K)) [|X]| < 2Kr. Hence

sup Hpk(s— iT,0,GX 4(T,0,X)) — @(s—iT,0,G 4(T,0, x))H

SeliT,iT+T]
< sup dkH(p iT,O,G 1(T,0,%) H < deHG (T,0 X)H
se(iT,iT+T]

< Kd*(K +ci_1(K)) [|X]| -

Now, if x € By, ||@(s,0,x)|| < Kr and since||GK ,(T,0,x)|| < 2Kr and f is Lipschitz on

Bk, it is well-known that
Sup H(p iT707G=(—1(T707X)>_(p(s_iT707 (p(IT707X>)H
SeliT,iT+T]

< sup &G (T,0,0 ~ @(iT,0.0)|| < e"eia(K) ]
SE[iT,iT+T]

Combining, we conclude that
sup _||GH(s—iT,0.0 — 9(s,0,%)|| < €™ ci-1(K) ]| + K (K + 1K) x|
SE[iT,iIT+T]

= (e Kd“)ei—1(k) +K?d") [Ix]| = ci(k) ||
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The inequality holds for = 0 by assumption. By induction, we conclude that
|64(5.0.0 ~ 95,0, < ek ]
To showGK(s;t,x) = GX(s—a,t —a,x), recall
GX(st,X):=Gi(s—iT,t,x) V se[t+iT,t+iT+T] andi=1,-- .

By definition then,GX(s—a,t —a,x) = Gj(s—iT —a,t —a,x) for s€ [t+iT,t+iT +T]. Now

sinceGK, (s,t,x) = PX(s,t,GK(T,0,x)), we have

i+1

Gi(s—iT —at—ax) =PX(s—at—a G {(T,0,x)) = PX(s,t,GK {(T,0,X)) = Gi(s—iT,t,x)

for s€ [t+iT,t+iT +T]. Therefore,G¥(s—a,t —a,x) = GK(s—iT,t,x) = GX(s,t,x) for s
[t+iT,t+iT +T],i=1,...,N. This implies thatG¥(s—a,t —a,x) = GX(s,t,x) for all s. m

VI. DERIVATIVE INEQUALITY LEMMA

In this critical lemma, we show that the Picard iteration rappnately retains the differ-
entiability properties of the solution map. The proof isdz®n induction and is inspired by
an approach in [22]. This lemma is then adapted to the exteRd=ard iteration introduced
in the previous section.

Lemma 8:Suppose that the conditions of Lemma 5 are satisfied. Theanipx € B, and
anyk >0,

(TL)

3{ﬂa¢am+£{ﬂa@¢mWa> -

9a Ix Xl

sup
tela,a+T]

<

Proof: Begin with the identity fork > 1
t
(sz)(t,a,x):x+/ F(P12)(s,a,x))ds
a
Then
J ok k-1 t k-1 10 k1
—-(PZ7)(t,ax)=—f((P Z)(a,a,X)H/ Of((P™"2)(s,a,x))" 5= (P "2)(s,a,x)ds
Jda a Ja
t
=t + [ DH(Pasax) 5 (Pa(saxds
a
and

%(sz)(t,a,x) = +/; Of (P 12)(s, a,x))T;—X(Pk‘lz)(s, a,x)ds
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Now define fork > 1,

yi(t,a,x) = %(sz)(t,a,x) +%(sz)(t,a,x)Tf(x).

For k> 2, we have
y(t,a,x) = i(sz)(t a,x) + i(sz)(t a,x)" f(x)
) ) . aa ) ] dX ) ]
t
= / Df((Pk—1z>(s,a,x))Ti(Pk—lz)(s,a,x)ds
a Jda

+ /a tDf((Pk‘lz)(s,a,x))T%((Pk‘lz)(s,a,x)f(x)ds

:/th((P"‘lz)(s,a,x))T {%(Pk‘lz)(s,a,x)+‘%(P"‘1z)(s,a,x)f(x) ds

= /th((Pk‘lz)(s, a,x))Tyk_1(s.a,x)ds

This means that sincgP*~12)(t,a,x) € By, by induction
sup I < T sup_[OH(P2(tax)| sup_vca(t.ax)
[a,a+T] tela,a+T] tela,a+T]

<TL sup [yk-a(tax)) < (TL® Y sup [ya(t.a )]
tefa,a+T] tela,a+T]

Fork=1, (P7(t,a,x) =x, soyi(t) = f(x) and sup, o 11 [y2(t)|| < L||X][. Thus

TL)K
sup [Ii(t)] < T
[aa+T]

X[

We now adapt this lemma to the extended Picard iteration.

Lemma 9: Suppose that the conditions of Lemma 7 are satisfied. Thearfpk € By,

(TL

sup T

tela,a+T]

<

5at(ta + Zak(LaxT (Y (K+¢(K9) x|

Proof: Recall that

G"(s,t,x)::Gi(s—iT,t,x) V ose[t+iT,t+iT+T] andi=1,..- oo,
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and GK 4 (s,t,x) = PX(s,t,GK(T,0,x)). Fort € [a+iT,a+iT +T],

J .« J T
H%G (t,a,x)+&G (t,a,x)’ f(x)

2k, 0 . - T
_H%G, (t—lT,a,x)+E(G (t—iT,a,x)" f(x)

- H%Pk(t— iT,a,GKT,0,x)) +%P“(t— iT,a,G(T,0,%)T f(x)

L (TL¥
- T

fro|

As was shown in the proof of Lemma {{GK(T,0,x)|| < (K+¢i(k)) [|X]. Thus

9 ~k 9 ~k T (TL)*
_ _ < .
H -G (t.ax) + -G (taxT (0| < —==(K+a(K) X
Since thec; are non-decreasing,
9 ~k 0 ~k T (TL)
sup ||=—G"(t,a,x)+=—G"t,a,x)' f(x)|| < K+c(k)) [[x]| .
5P | FaC (e + et axTi00] < S (Kald)

VII. M AIN RESULT - A CONVERSESOS LYAPUNOV FUNCTION

In this section, we combine the previous results in a retitistraightforward manner to
obtain a converse Lyapunov function which is also a sumgofases polynomial. Specifically,
we use a standard form of converse Lyapunov function andtifutlesour extended Picard
iteration for the solution map. Consider the system

Xt) = f(x(t),  x(0) =X ®3)

Theorem 10:Suppose that is polynomial of degregq and that system (3) is exponentially
stable with
IX(t)]| < K|[|x(0)[| e

for someA >0, K > 1 and for anyx(0) € M, whereM is a bounded nonempty region of
radiusr. Then there existr, 3,y > 0 and a sum-of-squares polynomia{x) such that for
anyxeM,

2 2
allx|* <V (x) < B

V)T F(x) < —y X%

Further, the degree af will be less tharg?Nk—1) | wherek is the minimum integer such that
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c(k) <K, and

'ngiKZKL(Hc(k))(mc(k)) < %
A

2
ek < Kliogar?

c(k)?+
(1—(2K?)~ 7).
wherec(k) is defined as

N i
c(k) = Zl (e“+ K2(T L)") K2(TL)X.

whereT andN are chosen such thAtT > '092§K2 andT < min{Z5", £} whereL is a Lipschitz

bound for f on Ba;.
Proof: Defined = 'O%AZKZ andd = T L. We note that since stability implieg0) =0, f is
bounded orB, with boundQ = Lr. Thus sincezg = 2¢ > 1 the conditions of Lemma 5 are

satisfied.By Lemma 5, the Picard iteration converges0om| for any x € Byk, with rated.
DefineGK as in Lemma 7. By Lemma 7, K is defined as abové|G¥(s,0,x) — ¢(s,0,x)|| <
c(k) |lo(s,0,x)|| onse [0, 8] andx € B;. We propose the following Lyapunov function, indexed
by k.

Vi(X) 1= /06 GX(s,0,x)TGX(s,0,x)ds

The proof is divided into four parts:
a) Upper and Lower BoundedTo prove thatV is a valid Lyapunov function, first
consider upper boundednessxlE B ands < [0,0]. Then
2 2
|60 = (s, 0.0+ [0 ~p(s.0.x)] |
2
< 9(s.0.x)*+ | [G4(s. 007~ 0(s,0%)] |

As per Lemma 7]|GX(s,0,%) — ¢(s,0,x)|| < c(K) [|¢(s.0,x)|| < Kc(K) [|||. From stability we
have || @(s,0,x)|| < K||x||. Hence,

Vie(X) = /05 Hek(s, O,x)szsg K2 (1+c(k)?) [Ix]2.

Therefore the upper boundedness condition is satisfied rigrka> 0 with B = 6K?(1+
c(k)?) > 0.
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Next we consider the strict positivity condition. First wete
l(s,0,X)[|? = HG"(S, 0,X) + [(p(s, 0,x) — GX(s, O,x)] Hz
2 2
<||e4(s. 00"+ 0(s.0.0 ~ G(s.0.%)|
which implies
o0 > lots 0001~ | ts 000~ G(s 00

By Lipschitz continuity off, ||¢(s,0,x)[|? > e 2||x||* and
|GX(s,0,%) — ¢(s,0,%)|| < Ke(k) [|X][. Thus

/ HG" s,0,X H ds> (zlL(l—e_ZLé)—éKC(k)z) IXII2.

Therefore fork as defined previouslyst (1 — e 2-%) — 5Kc(k)2 > 0 and so the positivity
condition holds for somer > 0.
b) Negativity of the DerivativeNext, we prove the derivative condition. Recall
t+0o

o)
_ / GK(s,0.0TG (s,0,0ds= [ GX(st,x)TGX(s,t,x)ds
0 t

then sincelV (x(1))T f(x(t)) = 3V (x(t)), we have by the Leibnitz rule for differentiation of
integrals,

%v.& x(t)) = [Gk(t 5,8, x(1) TGNt + 5,t,x(t))] - [Gk(t,t,x(t))TGk(t,t,x(t))]

+/t+52<3'< (5t,x(1)) %Gk(s,t,x ds+/t+526" (s,6,x(0) T2 G (s, t,x(1)) F(x(1))ds

03

:HGk(é,O,x(t))H —||x(t)y|2+/t 2GK(s,t,x(t))" {0

d
dek(s,t,x(t))+ Gk(s,t,x(t))f(x(t))} ds

03

where%f denotes partial differentiation df with respect to itsth variable. As per Lemma 9,
we have
k

X0 H0) | < T (ko) )

—GX(s t
H (StX()+ 53
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and as previously noteiG¥(s,t, x(t)) H < (K2e2 (Y 4 ¢(k)2) [[x(t)]|%. Similarly,
[GX(s,t,x(1))[| < (K+c(K)) [[X(t)]. We conclude
k
%vk< X(t)) < (K% 2%+ ¢(k)?) [|x(t)]* - ||x<t>r|2+26%<1+c<k>><K+c<k>> Ix(t)]I?
k

(Kz 2/\5+C(k>2_1+26Kd7(1+c(k))(K+C(k))) ROl

Therefore, we have strict negativity of the derivative sinc

K2e‘2)‘5+c(k)2+25d?k(1+ c(k)) (K +¢(k))
k

- %+c(k)2+26Kd?(1+c(k))(K+C(k>) <1

Thus SVi(x(t)) < —y||x(t)|| for somey > 0.
¢) Sum of SquaresSince f is polynomial andz is trivially polynomial, (PXz)(s, 0,X) is
a polynomial inx ands. Therefore Vi (x) is a polynomial for anyk > 0. To show thaV is

sum-of-squares, we first rewrite the function
N T
_ Z/ [G}‘(s—iT,O,x)TGE‘(s—iT,O,x) ds
&S JIT-T

Since G¥z is a polynomial in all of its argument&GK(s—iT,0,x)TGK(s—iT,0,x) is sum-
of-squares. It can therefore be representedRi@s)’ Zi(s)"Z(s)Ri(x) for some polynomial
vector R, and matrix of monomial baseg. Then

N iT
=SRX'" [ Z(s)"z(s)dsR(x) Ri(X
IROTJ = 3R

WhereM; = iiTT _1Zi(s)7Z(s)ds> 0 is a constant matrix. This proves thats sum-of-squares
since it is a sum of sums-of-squares.

d) Degree Bound:Given ak which satisfies the inequality conditions afk), we
consider the resulting degree 6%, and hence, o¥/K. If f is a polynomial of degree,
andy is a polynomial of degred in x, thenPy will be a polynomial of degree mds,dq}
in x. Thus sincez= 0, the degree oP*z will be ¢*~*. If N > 1, then the degree aBf will

be qNk-1. Thus the maximum degree of the Lyapunov functiong§¥®-1.

VIII. N UMERICAL [LLUSTRATION

To illustrate the degree bound and hence the complexity afyaing a nonlinear system,

we plot the degree bound versus the exponential convergeteeof the the system. The
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Fig. 2. Degree bound vs. Exponential Convergence Rat&ferl.2,r=L=1,q=5

convergence rate can be viewed as a metric for the accurabe sum-of-squares approach:
suppose we have a degree bound as a function of convergaace(§g. If it is not possible
to find a sum-of-squares Lyapunov function of degdég) proving stability, then we know
that the convergence rate of the system must be lessjthan

As can be seen, as the convergence rate increases, the tegnmee decreases super-
exponentially, so that ay = 2.4, only a quadratic Lyapunov function is required to prove
stability. For cases where high accuracy is required, trgredebound increases quickly;
scaling approximately ae%. To reduce the complexity of the problem, in come cases less
conservative bounds on the degree can be found by considdgr@nmonomial terms in the
vector field. If the complexity is still unacceptably higlneth one can consider the use of
parallel computing: unlike single-core processing, paratomputing power continues to
increase exponentially. For a discussion on using paratehputing to solve polynomial

optimization problems, we refer to [23].

IX. CONCLUSION

In this paper, we have used the Picard iteration to cons@uacapproximation to the
solution map on arbitrarily long intervals. We have used #pproximation to prove that local
exponential stability of a polynomial vector field implidgetexistence of a Lyapunov function
which is a sum-of-squares of polynomials. Still unresolvedhe fundamental question of
whetherglobally stable vector fields will also admit sum-of-squares Lyapufumctions.
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